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Abstract We propose a novel distributed algorithm for mining frequent subgraphs
from a single, very large, labeled network. Our approach is the first distributed method
to mine a massive input graph that is too large to fit in the memory of any individual
compute node. The input graph thus has to be partitioned among the nodes, which can
lead to potential false negatives. Furthermore, for scalable performance it is crucial to
minimize the communication among the compute nodes. Our algorithm, DistGraph,
ensures that there are no false negatives, and uses a set of optimizations and efficient
collective communication operations to minimize information exchange. To our knowl-
edge DistGraph is the first approach demonstrated to scale to graphs with over a
billion vertices and edges. Scalability results on up to 2048 IBM Blue Gene/Q compute
nodes, with 16 cores each, show very good speedup.

Keywords Parallel Graph Mining, Distributed Graph Mining, Single Large Graph,
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1 Introduction

Frequent graph mining is a well-studied problem with numerous applications in areas
such as computational chemistry, bioinformatics, and social networks. For instance,
protein structures or protein-protein interactions can be modeled by labeled graphs,
and a bioinformatics researcher might be interested in finding common sub-structures
within these graphs. Likewise, mining frequent subgraphs from a massive social graph or
citation network can help find communities which may be of interest to social scientists.
Other applications include graph classification, clustering, and indexing.

The frequent subgraph mining (FSM) problem is divided into two broad categories,
namely, finding frequent patterns in either i) a graph database comprising multiple input
graphs (e.g., a set of chemical compounds), or ii) a single large input graph setting (e.g.,
a social network or citation graph). The FSM task is to enumerate all subgraphs with
frequency (or support) above some minimum support threshold. In the multiple graphs
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case, frequency is simply the number of graphs that contain the pattern. However,
defining the notion of support in a single graph is more challenging, since it is not
enough to simply state whether a pattern exists or not. Instead, we have to find all the
distinct isomorphisms from the pattern to the input graph. However, this violates the
anti-monotonicity principle that is required for effective pruning of the output pattern
space. That is, a subgraph can have fewer isomorphisms (i.e., lower support) than its
supergraph (e.g., assume that the input graph has only one vertex labeled A, which is
connected to 100 vertices labeled B, then the vertex A occurs only once, but the edge
A−B occurs 100 times). Several anti-monotonic support measures have been proposed
for use in the single graph setting [3].

In the graph database case there are usually many, moderately sized input graphs,
which can be horizontally partitioned among the compute nodes and mined in a dis-
tributed manner. Most existing parallel [4,19,12,6] and mapreduce-based approaches [26,
16] adopt this setting. In contrast, our focus is on the more challenging task of min-
ing patterns from a massive and sparse input graph. Existing sequential solutions for
this problem include SiGraM [15] and GraMi [5], whereas existing parallel approaches
target only shared-memory (SMP) systems [20]. To our knowledge, there is no current
distributed FSM algorithm that can handle a massive input graph that is too large to
fit in the memory of a single compute node. The input graph thus has to be partitioned
among the nodes, which poses several additional mining challenges.

One challenge is the problem of false negatives, i.e., frequent patterns that may
be missed because some of their occurrences span across partitions. Another challenge
is that the global pattern support determination now requires a reduction operation
over the partitions, using information from the potentially exponential number of oc-
currences of a pattern in each partition. Our distributed solution, called DistGraph
(for Distributed Graph Mining), guarantees that all frequent patterns that appear
in a sequential approach are found. That means it allows no false negatives (frequent
patterns that are not discovered) and no false positives (discovered patterns that are
actually not frequent). To maintain scalability and efficiency, our approach minimizes
the amount of communication to determine the global support via a set of optimiza-
tions. Our main contributions are as follows:

– We develop a distributed solution for mining a single massive graph that leverages
effective collective communication primitives for scalable performance.

– Unlike previous approaches that assume the input graph fits in the memory, we
assume the network is so large that it will not fit in the local memory at each
compute node. Our approach is the first one to partition the massive input graph
into different segments, which are mined in a distributed manner.

– We propose a hybrid solution for subgraph mining that utilizes both thread-based
parallelism within each compute node and distributed computation across multiple
compute nodes. Our method is therefore suitable for a variety of environments, such
as distributed systems, shared memory systems, and cluster environments over the
cloud.

– We show that DistGraph can scale to a massive network with over a billion
vertices and four billion edges. To the best of our knowledge this is the largest
network considered, to date, for frequent subgraph mining.
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2 Background

In this section, we review some definitions. A graph is defined as G = (V,E), where
V is a set of vertices and E ⊆ V × V is a set of edges. In addition, we assume that
L is a labeling function for vertices and edges; we denote by L(v) the label for vertex
v ∈ V , and by L(v1, v2) the label for the edge (v1, v2) ∈ E. In the following, we use
G = (V,E) for the single large input graph, and we use P = (VP , EP ) for a pattern
graph, i.e., one of the subgraphs we wish to mine in G.

Subgraph Isomorphism and Embedding: We say that the pattern P is subgraph
isomorphic to G = (V,E), denoted as P ⊆ G, if there exists an injective func-
tion, φ : VP → V such that: 1) ∀v ∈ VP , L(v) = L(φ(v)), and 2) ∀(vi, vj) ∈ EP ,
(φ(vi), φ(vj)) ∈ E and L(vi, vj) = L(φ(vi), φ(vj)). In this case, the isomorphic sub-
graph in G comprising the vertices φ(v1), φ(v2), · · · , φ(vp) (where p = |VP |) is also
called an embedding of the pattern P in the input graph G. We use the terms isomor-
phism and embedding interchangeably, since given the isomorphism function φ, we can
uniquely identify the corresponding embedding (which is a subgraph of G).

Support: For a pattern P and input graph G, let Σ(P ) = {φ1, φ2, · · · } denote the set
of all isomorphisms/embeddings of P in G. The support of a pattern P is defined based
on some function of Σ(P ). For instance, support can be defined as the cardinality of
Σ(P ), i.e., the number of embeddings of P in G. However, this definition violates the
anti-monotonicity principle, which requires that the support of a pattern should not
be greater than the support of its subgraphs. To address this issue a support measure
using the maximum independent set of the overlap graph between embeddings was
proposed by Kuramochi et al. [15]. However, this is known to be a NP-hard problem.
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Fig. 1 Support in a single graph

We use the most restricted node (MRN) support [3], also called the minimum image
based support, defined as the minimum number of unique vertex mappings over any
of the vertices in P . More formally, given the set of embeddings Σ(P ) = {φ1, φ2, · · · },
the MRN support of P is defined as:

σ(P ) = min
v∈VP

{
|Φ(v)|

}
(1)

where Φ(v) denotes the set of unique mappings for a vertex v ∈ VP , given as

Φ(v) =

|Σ(P )|⋃
i=1

φi(v)

The relative support of a pattern, denoted σr(P ), is expressed as a fraction of the
number of vertices in the input graph G, i.e., σr(P ) = σ(P )/|V |.
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Fig. 1 shows the embeddings of the pattern P ≡ A–B–C–A in the input graph.
For instance, one of the embeddings is φ1 = {0, 2, 5, 7}, shown in the first column to
the right of the pattern. In total there are four embeddings for P . Therefore, the set of
distinct mappings for the first vertex is {0, 1, 7}. The number of unique mappings over
all the pattern vertices are 3, 3, 2 and 2, respectively. Thus, the MRN support of P is
σ(P ) = min{3, 3, 2, 2} = 2, or equivalently, its relative support is σr(P ) = 2/8 = 0.25
or 25%.

The MRN support also makes intuitive sense, since it avoids over-counting em-
beddings in the same “locations” in the input graph. For example, consider the pat-
tern P ≡ A–B–A. This has two embeddings in the input graph in Fig. 1, namely,
φ1 = {0, 3, 1} and φ2 = {1, 3, 0}. The set of distinct mappings for the first pattern
vertex (labeled A) is {0, 1}, which is also the same for the third vertex (labeled A).
On the other hand, the set of distinct mappings for the second vertex (labeled B) is
{3}, resulting in a support value of σ(P ) = 1. Finally, one of the major advantages of
using the MRN support is that even if there are an exponential number of embeddings,
storing the mappings Φ(v) across all vertices v ∈ VP takes at most polynomial space,
namely O(|VP | × |V |).

Frequent Single Graph Mining: Given a single input graph G and a user specified
parameter called minimum support threshold, i.e., minsup ∈ Z, where Z denotes the
set of positive integers, the task is to discover all subgraph patterns, such that for each
pattern P , we have σ(P ) ≥ minsup.

3 Related Work

FSM is a well studied problem, in both the graph database [10,14,27] and the single
graph [15,5] setting.

Graph Database (multiple graphs): Initial FSM methods used systematic genera-
tion of candidate subgraph patterns [10,14] and their level-wise growth via breadth-first
search (BFS). Later methods like gSpan [27] and FFSM [9] use canonical ordering of the
patterns, and a depth-first (DFS) exploration. Parallel graph mining algorithms target-
ing SMP systems were proposed in [4] and [19], where they explore different schemes
for load balancing among the multiple processors. One of the first distributed methods
was [6], which uses a message passing approach for mining molecular graphs. Recently,
map-reduce based approaches [26,18,16,2,7] have attracted attention; GPUs have also
been exploited [12]. It is important to note that all of these parallel/distributed meth-
ods are designed for multiple input graphs, and cannot be adapted for the single graph
case due to the underlying algorithmic assumptions.

Single Input Graph: Sequential single input graph mining methods include SUB-
DUE [8], SiGraM [15], and more recently GraMi [5]. One of the earliest algorithms,
SUBDUE searches for the potentially frequent substructures in the graph that can
also compress it well. SiGraM uses the maximum independent set based approach for
computing support which can be very expensive. GraMi takes a constraint satisfaction
based approach for support computation and optimizes the storage of isomorphisms
in memory by detecting automorphism groups. A parallel single graph mining method
for SMP systems was proposed in [20]. Distributed map-reduce based graphlet and
motif discovery methods have also been proposed [21,17], where the task is to mine
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the frequency distribution of all vertex induced subgraphs with up to k vertices, for
some small k. In contrast, for FSM, there is no restriction on the size of the patterns
to be mined, but the minimum support can be used to prune the search space. Also
related is the work on finding all matchings of a query subgraph in a larger graph [23,
1,22]. However, the key difference is that here the query pattern is fixed (i.e., user
provided), and one typically has to report one or all matches of the given query in the
input graph. On the other hand, FSM is a much harder problem, since it has to first
enumerate patterns from a exponentially large search space, and then it has to perform
subgraph isomorphism checks to compute the support for each pattern.

Finally, large distributed graph processing platforms (e.g., spark.apache.org/
GraphX) have become very popular. However, these systems are mainly optimized for
vertex centric graph algorithms (e.g., PageRank). The recent Arabesque framework
[24] proposes a general embeddings centric or “think like an embedding” paradigm for
graph problems like FSM, motif discovery, and clique finding. However, it assumes that
the input graph fits in memory of each compute node. We propose the first distributed
subgraph mining method for a partitioned input graph, and one that can handle web-
scale networks spanning over a billion vertices and edges.

4 DistGraph: Distributed Mining on a Partitioned Input Graph

Our distributed method allows for a massive input graph, that does not fit in the
memory of any individual compute node. We adopt a partitioning approach, where we
split the input graph into multiple partitions and perform the mining task in a dis-
tributed fashion. Furthermore, we design a hybrid algorithm that leverages multi-core
CPUs within each compute node and leverages distributed computation over multiple
compute nodes.
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Fig. 2 Distributed Mining Approach

Fig. 2 illustrates our generic distributed mining system framework. Given the mas-
sive input graph G = (V,E), we first split it into K partitions, Gi = (Vi, Ei), 1 ≤ i ≤
K. We assume that we have p compute nodes, with each one running a single process
with up to k threads. For greater flexibility over the degree of partitioning and paral-
lelism, a group of compute nodes, denoted Ri, handles the same input graph partition
Gi. Thus, partition Gi is processed by group Ri. For load balancing, we assume that
the number of compute nodes p is a multiple of K, so that each group has an equal
number of nodes r = p/K. All communication between nodes, either within a group or
across groups, is done via message passing, whereas all coordination within a process
or compute node is done using shared-memory threads.

spark.apache.org/GraphX
spark.apache.org/GraphX
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Table 1 AllGather and AlltoAll examples

Proc AllGather AlltoAll
sent received sent received

0 ABC ABCDEFGHI ABC ADG
1 DEF =⇒ ABCDEFGHI DEF =⇒ BEH
2 GHI ABCDEFGHI GHI CFI

Collective Communication: Our distributed approach is generic in that it can be
instantiated on a tightly-coupled HPC system (e.g., via the message passing interface
(MPI) on an IBM Blue Gene supercomputer), or a loosely-coupled platform (e.g.,
via Hadoop or Spark on a cluster or cloud-based system). We rely only on collective
communication operations, described below, that are easy to instantiate on most of
the available distributed frameworks (e.g., they are natively available in MPI):

– AllToAll: This is a personalized broadcast operation which rearranges n items
of data so that node n gets the nth item. We use a hash function to assign specific
data to relevant compute nodes. Also, the sent data can have variable lengths.
This is essentially a scatter (or map) operation followed by a gather (or reduce)
operation performed by all nodes simultaneously.

– AllGather: Through this operation a compute node can obtain or gather a piece
of data from every other node, with all nodes doing this simultaneously. Again, the
data can be of variable lengths. The difference between AlltoAll and AllGather
is shown in Table 1.

– AllReduce: Finally, this is a reduction operation performed simultaneously by all
nodes on a specific operator, such as, SUM. After the operation all nodes will have
the same result.

We now outline the challenges posed in distributed mining over a partitioned input
graph, and our corresponding solutions, namely: i) eliminating false negative patterns,
ii) allowing local pruning, and iii) minimizing communication.

4.1 Eliminating False Negative Patterns via External Neighbors

Recall that the support of a pattern P is given as σ(P ) = minv∈VP
{|Φ(v)|}, where

Φ(v) denotes the set of unique vertex mappings of v ∈ VP in the set of embeddings
Σ(P ) in the input graph G. We also call σ(P ) the global support of P , and say that P
is globally frequent if σ(P ) ≥ minsup.

Fig. 3 Partitioning Graph G into G1 and G2. Edges that are cut by the partitioning are
shown dashed.



A Distributed Approach for Graph Mining in Massive Networks 7

The first challenge in mining a partitioned graph is that there can be false negative
patterns, i.e., a pattern P that is globally frequent can be missed due to the fact that
certain edges involved in subgraph isomorphisms for P span different partitions. For
example in Fig. 3, the pattern A–B–C has three embeddings, namely, (1, 2, 3), (5, 2, 3)
and (10, 11, 7), and has global support σ(P ) = 2 (since B and C both have two distinct
mappings). However, after splitting G into two partitions G1 and G2 as shown, the
embedding (10, 11, 7) will not be found inG2 since the edge (11, 7) spans the partitions;
it belongs to neither G1 nor G2. If we expand G2 with its 1-hop neighborhood, we can
find the embedding. Nevertheless, even with 1-hop overlap, subsequent patterns can
still be missed. For example, A–B–C–D has support σ(P ) = 2, but we will not be able
to find the embedding (10, 11, 7, 6) or (10, 11, 7, 4), since edges (7, 6) and (7, 4) do not
belong to the 1-hop extension of G2.

To eliminate false negatives, we propose a technique we call external neighbor expan-
sion as explained below. Our distributed approach relies on a level-wise or breadth-first
approach, where at level l we compute the support of candidate subgraph patterns com-
prising l edges. The main idea in external neighbor expansion is that before computing
patterns at level l, we expand the partitions Gi by requesting from other partitions
the neighboring edges (and their end-points) for vertices in the embeddings for each
frequent pattern P from the previous level l − 1.

More formally, given the input graph G, we first split it into K initial partitions,
G0
i = (V 0

i , E
0
i ) for 1 ≤ i ≤ K. Vertices v ∈ V 0

i are called local vertices. The graph
partition that is available in local memory is always denoted Gi, and initially Gi ≡ G0

i .
Now consider level l = 1, where we have to compute the support for all the single edge
patterns. To avoid false negatives, we have to first extend E0

i by adding edges that
span across different partitions, such as (11, 4) and (11, 7) in Fig. 3. Thus, we create
the extended local partition G1

i = (V 1
i , E

1
i ), where

V 1
i = V 0

i ∪ {v| (u, v) ∈ G, u ∈ V
0
i , and v 6∈ V

0
i }

E1
i = E0

i ∪ {(u, v)| u ∈ V
0
i , v ∈ V

1
i \ V

0
i }

The extended graph partition that is now available in local memory is Gi ≡ G1
i . Due

to external neighbor expansion all relevant edges that span partitions are available in
local memory, which ensures that there will be no false negatives when determining
the frequent single edge patterns.

Let G1 denote the set of all frequent single edge patterns. For any frequent pattern
P ∈ G1, the set of mappings in partition G1

i for each vertex v ∈ VP is given as:
Φi(v) = ∪φ∈Σi(P )φ(v). Before we begin level l = 2, we perform external neighbor
expansion, by creating expanded local partitions as follows:

V 2
i = V 1

i ∪ {x| (x, y) ∈ G, such that y ∈ Φi(v), v ∈ VP , P ∈ G1 and x 6∈ G1
i }

E2
i = E1

i ∪ {(x, y)| y ∈ V
1
i and x ∈ V 2

i \ V
1
i }

In other words, we make sure that for any input graph vertex x that does not belong to
G1
i , but is a neighbor of some vertex y that belongs to the set of mappings for a frequent

single edge pattern P , we request the external edge (x, y) via neighbor expansion. This
way, the expanded local partition G2

i = (V 2
i , E

2
i ) will have all relevant edges for l = 2,

and the support of possible frequent patterns with two edges can be computed without
false negatives.

In general, before we begin mining patterns at any level l ≥ 2, we make sure
that all relevant external neighbors are available locally, where “relevant” means that
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these pertain to extensions of some frequent pattern from the previous level. Given
the frequent patterns Gl−1 from level l− 1, and the set of mappings Φi(v) in Gl−1

i for
vertices v in some frequent pattern P , the expanded partitions at level l are obtained
as follows:

V li = V l−1
i ∪ {x| (x, y) ∈ G, such that y ∈ Φi(v), v ∈ VP , P ∈ Gl−1 and x 6∈ Gl−1

i }

Eli = E1
i ∪ {(x, y)| y ∈ V

l−1
i and x ∈ V li \ V

l−1
i }

The expanded partition is denoted as Gi ≡ Gli = (V li , E
l
i). The vertices in the set V 0

i

(corresponding to the initial partitioning), are called local vertices. The vertices in the
set V li \ V

0
i are called external vertices, and likewise, the edges in the set E1

i \ E
0
i are

called external edges. As before, for any pattern P , its embeddings in the expanded
partition Gi are denoted as Σi(P ), and the set of mappings in partition Gi for each
vertex v ∈ VP is then given as Φi(v) = ∪φ∈Σi(P )φ(v). Since the expanded partition
comprises both local and external vertices, we can correspondingly divide the set of
mappings Φi(v) into local mappings, denoted Φli(v) and external mappings, denoted
Φei (v), as follows:

Local Mappings: Φli(v) = {u ∈ Gi| ∃φ ∈ Σi(P ), u = φ(v), u ∈ V 0
i }

External Mappings: Φei (v) = {u ∈ Gi| ∃φ ∈ Σi(P ), u = φ(v), u ∈ V li \ V
0
i }

Theorem 1 At any level l, let Gi ≡ Gli for 1 ≤ i ≤ K denote the set of expanded
partitions. Then Σ(P ) =

⋃K
i=1Σi(P ) for any pattern P .

Proof: Let P be a pattern with l edges, and let φ ∈ Σ(P ). We prove by induction that
φ ∈ Σi(P ) for some i. Let P be obtained by adding the pattern edge (u, v) to a globally
frequent P ′ from the previous level, i.e., with l − 1 edges. Let (x, y) = (φ(u), φ(v)),
where x, y ∈ G. Either (x, y) was already in Gl−1

i or it was an external edge that was
requested by external neighbor expansion before mining level l. In either case, the edge
(x, y) must belong to some expanded partition Gli. Thus φ ∈ Σi(P ) for some i.

Thus, external neighbor expansion ensures the set of embeddings for any pattern P
at level l can be found from the embeddings of P in each expanded partition Gi ≡ Gli.
This will guarantee that there are no false negatives.

4.2 Enabling Local Pruning via Local Support

The second challenge we now face is that since the MRN support of a pattern P

depends on the minimum number of unique mappings of its vertices, at first glance, it
appears that we will not be able to prune any pattern locally. To see this, for a globally
frequent pattern P , let v∗ ∈ VP be the vertex with the minimum number of mappings,
i.e., v∗ = argminv∈VP

{|Φ(v)|}. That is σ(P ) = |Φ(v∗)|. Now, for each partition Gi,
let Σi(P ) be the set of embeddings, and let Φi(v) be the corresponding set of mappings
for any v ∈ VP . Just like the global support in Eq.(1) we could define the local support
of P in partition Gi as minv∈VP

{|Φi(v)|}. Further, let the minimum cardinality vertex
in partition Gi be v∗i = argminv∈VP

{|Φi(v)|}. The problem is that different partitions
may have different minimum cardinality vertices v∗i , and they need not match v∗,
and we thus we cannot make any guarantees about the global support of P using
information from Φi(v

∗
i ). For example, in Fig. 3, consider the pattern P ≡ A–B. The
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set of embeddings for P is given as Σ(P ) = {(1, 2), (5, 2), (10, 8), (10, 9), (10, 11)},
and thus the set of mappings for the pattern vertex labeled A is {1, 5, 10}, and for B
it is {2, 8, 9, 11}. Thus, the minimum cardinality vertex is A and the global support
is σ(P ) = 3. However, in partition G0

1 the minimum cardinality vertex is B with
mappings {2}, and in G0

2 the minimum cardinality vertex is A with mappings {10}.
As such there is no relationship between the cardinalities of |Φ(v∗)| and |Φi(v∗i )|. So
at first glance, it appears that our only recourse is to compute the embeddings for
all possible patterns in each partition Gi, without any local pruning, followed by a
reduction step to compute the global support. We now show that we can do better.

Given the set of embeddings Σi(P ) for (expanded) partition Gi, let Φi(v) be the
corresponding set of mappings for any v ∈ VP . We define the local support of a pattern
P as:

σi(P ) = max
v∈VP

{|Φi(v)|}

and we say that pattern P is locally frequent if

σi(P ) ≥
minsup

K
(2)

Theorem 2 Let Σ(P ) = ∪Ki=1Σi(P ), and let σ(P ) ≥ minsup. Then there exists some
partition such that σi(P ) ≥ minsup

K .

Proof: Assume that for all partitions we have σi(P ) <
minsup
K . Summing over all

partitions we have

K∑
i=1

minsup

K
>

K∑
i=1

σi(P ), which implies

minsup >

K∑
i=1

σi(P ) =
K∑
i=1

max
v∈VP

{|Φi(v)|}

However, note that

K∑
i=1

max
v∈VP

{|Φi(v)|} ≥ max
v∈VP

{
K∑
i=1

|Φi(v)|

}
≥ min
v∈VP

{
K∑
i=1

|Φi(v)|

}
≥ min
v∈VP

{|Φ(v)|}

Thus, we conclude that minsup > minv∈VP
{|Φ(v)|} = σ(P ), which contradicts the

fact that σ(P ) ≥ minsup. This means our assumption was false, and there must exist
at least one partition such that σi(P ) ≥ minsup

K .

Thus, we need to compute the global support only for those patterns P that are locally
frequent in at least one partition. That is, each compute node can find the embeddings
in its local (expanded) partition Gi, and we can prune patterns that are not locally fre-
quent in at least one partition. This can cut down on a lot of unnecessary computation
to determine the global support.
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4.3 Minimizing Communication via Support Bounding

The third challenge we face is how to cut down on the cost of communicating the
embeddings Σi(P ) across the distributed system so as to estimate the global set of
embeddings Σ(P ) for each pattern P . As such, a pattern can have an exponential
number of embeddings, and likewise there can be an exponential number of embeddings.
However, observe that we do not need to communicate Σi(P ) to all other nodes to
correctly determine the global support of a pattern P ; all we need is to send over the
mappings Φi(v) for each vertex in the pattern, since Φ(v) = ∪Ki=1Φi(v), and thus we
can determine the global support σ(P ) = minv |Φ(v)|. Nevertheless, note that the size
of communicating Φi is O(|VP | × |V |), which is still too expensive for graphs with
billions of vertices. Furthermore, we have to communicate this information not just for
one pattern but for very many candidate patterns during the mining process.

Instead of communicating the entire set of mappings for each partition and each ver-
tex, i.e., Φi(v), we communicate only the cardinality values, i.e., we exchange {|Φi(v)|},
for all v ∈ VP . This drastically cuts down on the communication cost to only O(|VP |)
per pattern, which is independent of the input graph size, and is orders of magnitude
lower than communicating Φi(v), especially in very large graphs. Unfortunately, in this
case we can no longer compute the exact global support based on only the cardinal-
ity information. We solve this problem via a two-step support bounding technique,
described below.

As mentioned earlier, we divide the mappings Φi(v) for each vertex v ∈ P , into local
mappings, denoted Φli(v) and external mappings, denoted Φei (v). The local mappings
only involve vertices in the initial vertex partition V 0

i (i.e., without the neighborhood
expansion step). The external mappings for v involve a vertex in some other partition
V 0
j such that j 6= i. Note that the following property holds:

|Φi(v)| = |Φli(v)|+ |Φ
e
i (v)|

Now, instead of communicating |Φi(v)|, we communicate |Φli(v)| and |Φ
e
i (v)|.

Next, we derive a lower-bound and upper-bound on the support of P . Define the
lower-support estimate of P as follows:

σ̂l(P ) = minv∈VP

{
K∑
i=1

|Φli(v)|

}
(3)

The theorem below shows that σ̂l(P ) is indeed a lower-bound for the true global
support σ(P ).

Theorem 3 It holds that σ̂l(P ) ≤ σ(P ). Thus, if σ̂l(P ) ≥ minsup, then σ(P ) ≥
minsup.

Proof: For any vertex v ∈ VP , we have

K⋃
i=1

Φli(v) ⊆
K⋃
i=1

Φi(v) = Φ(v)

However, since Φl(v) are all disjoint by definition, this implies
∑K
i=1

∣∣∣Φli(v)∣∣∣ ≤ |Φ(v)|.
Therefore, σ̂l(P ) = minv∈VP

{∑K
i=1 |Φ

l
i(v)|

}
≤ minv∈VP

{|Φ(v)|} = σ(P ). Hence,

σ̂l(P ) ≥ minsup implies σ(P ) ≥ minsup.
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Finally, we derive an upper-bound on the support of P . Define the upper-support
estimate of P as follows:

σ̂u(P ) = minv∈VP

{
K∑
i=1

|Φi(v)|

}
= minv∈VP

{
K∑
i=1

(
|Φli(v)|+ |Φ

e
i (v)|

)}
(4)

The theorem below shows that σ̂u(P ) is an upper-bound for the true global support
σ(P ).

Theorem 4 It holds that σ̂u(P ) ≥ σ(P ). Thus, if σ(P ) ≥ minsup, then σ̂u(P ) ≥
minsup.

Proof: For any vertex v ∈ VP , we have
⋃K
i=1 Φi(v) = Φ(v), which in turn implies∑K

i=1 |Φi(v)| ≥ |Φ(v)|. Therefore, minv∈VP

{∑K
i=1 |Φi(v)|

}
≥ minv∈VP

{|Φ(v)|} =

σ(P ). Thus, σ(P ) ≥ minsup implies σ̂u(P ) ≥ minsup.

Then, by the counter-positive of Thm. 4, it must be true that if σ̂u(P ) < minsup, then
σ(P ) < minsup.

The two-step support bounding technique is then used to prune patterns as fol-
lows. First, we check whether for a pattern P it holds that σ̂l(P ) ≥ minsup. In this
case, by Thm. 3, P must be globally frequent, and thus we can simply output the
pattern. On the other hand, if σ̂l(P ) < minsup, then we cannot be sure whether P
is globally frequent or not. Second, we check whether σ̂u(P ) < minsup. In this case,
by the counter-positive of Thm. 4, P cannot possibly be globally frequent, and we can
thus prune it from further consideration. On the other hand, if σ̂u(P ) ≥ minsup, we
call such patterns potentially frequent patterns, since σ̂u(P ) ≥ minsup, does not imply
that σ(P ) ≥ minsup. For correctness, we have to determine their exact global support
and eliminate the infrequent ones. To summarize, the basic idea behind two-step sup-
port bounding approach to minimize communication is to determine patterns that are
definitely globally frequent, and to eliminate patterns that cannot possibly be globally
frequent. For the remaining patterns we determine their exact global support and re-
tain only the frequent ones. This approach is very effective in reducing the amount of
communication in the distributed system.

5 DistGraph: Algorithm Details

Alg. 1 outlines the DistGraph approach, which is executed by a group of compute
nodes Ri working on the graph partition Gi = (Vi, Ei) as illustrated in Fig. 2. Starting
from the single edge patterns, the candidates are extended in a level-by-level or breadth-
first (BFS) fashion. This choice is dictated by the fact that in the partitioned approach,
each compute node can only obtain the local support of a pattern. If we perform a DFS
exploration, there will be an overwhelming number of potentially frequent patterns.
Instead, a BFS exploration allows one to eliminate the globally infrequent patterns at
the current level before proceeding to the next level.

Let Pi be the set of globally frequent patterns from the previous level; initially
Pi contains the empty graph. In Step 4, the patterns P ∈ Pi are extended by one
edge and each valid candidate pattern is checked to see whether it is locally frequent
(w.r.t. partition Gi) or not, using Eq. (2). Locally frequent candidates are added to
the set Plf , and those not locally frequent are added to the set Pnlf . This step is
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Algorithm 1 Distributed Single Graph Mining
DistGraph (Graph partition Gi, minsup, threads k)
1: Pi ← {∅}
2: repeat
3: Initialize locally frequent and non-frequent lists, Plf ← ∅, Pnlf ← ∅
4: Compute-Local-Support (Gi, Pi, Plf , Pnlf )
5: (Pi, Ci)← Support-bound-Pruning (minsup, Plf , Pnlf )
6: Pi ←Exact-Global-Support(Gi, Ci,Pi)
7: Distribute patterns Pi (by AllGather) among the compute groups
8: External-Neighbor-Expansion(Gi,Pi)
9: until there is no globally frequent pattern in Pi, determined by AllReduce(|Pi|) = 0

performed across all compute nodes, using k threads each. Next, in Step 5, we use
two-step support-bounding to prune patterns that are definitely globally frequent and
infrequent. The patterns that are guaranteed to be globally frequent based on the local-
only support (via Eq. (3)) are stored in a new set Pi. On the other hand, the patterns
that are potentially globally frequent (via Eq. (4)) are stored in Ci. For patterns in
Ci, we determine their exact global support in Step 6, and then remove the globally
infrequent ones from Ci. After taking a union with Ci, the set Pi contains patterns
that are globally frequent (i.e., have σ(P ) ≥ minsup), and these are now exchanged
with all groups in Step 7, so that each group has the full set of globally frequent
patterns (across the entire system) before the next level begins. However, each group
retains only those patterns that are relevant to its partition Gi. Finally, to eliminate
false negatives, in Step 8 we fetch relevant external neighbors from other partitions to
create the expanded local partitions Gi. The level-wise approach is then repeated until
no more globally frequent patterns are found.

We now give detailed description of our approach for partitioning the input graph,
computing local support, estimating the global support, support-bound based pruning
to minimize communication, determining exact global support, and fetching external
neighbors.

5.1 Input Graph Partitioning

Let G = (V,E) denote the massive input graph, and let {V 0
1 , V

0
2 , · · ·V 0

K} denote a
K-way partitioning of the vertex set, such that partitions are pair-wise disjoint (i.e.,
V 0
i ∩ V

0
j = ∅) and together encompass all the vertices (i.e., ∪iV 0

i = V ). We denote
the i-th initial partition as G0

i = (V 0
i , E

0
i ), where the edge set E0

i includes all edges
in E both of whose end-points are in V 0

i , i.e., E
0
i = {(u, v)|(u, v) ∈ E and u, v ∈ V 0

i }.
While any partitioning scheme, even a random one, can be used for graph partitioning,
for good performance we need the partitions to be balanced and to minimize the edge
cut (the number of vertices with an endpoint in another partition). Graph partitioning
is a well-studied problem and solutions are generally derived using heuristics and ap-
proximation algorithms, since the balanced partitioning problem is NP-complete. We
use the efficient PARMETIS [11] tool, which results in a good quality partitioning.

Furthermore, before the mining begins, we include the 1-hop overlap of the bor-
dering edges between two neighboring partitions. That is, for any two partitions G0

i =
(V 0
i , E

0
i ) and G0

j = (V 0
j , E

0
j ), if there exists an edge (u, v) with u ∈ V 0

i and v ∈ V 0
j ,

then we add the edge (u, v) to both E0
i and E0

j . Thus, given the initial K-way par-
titioning of the vertices {V 0

1 , · · · , V 0
k }, the expended graph partitions G1

i = (V 1
i , E

1
i )
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are defined as follows:

E1
i = {(u, v) ∈ E | u ∈ V 0

i and v ∈ V }

V 1
i = V 0

i ∪ {v | (u, v) ∈ E, u ∈ Vi and v 6∈ Vi}

After 1-hop expansion, the expended partitions are given as Gi ≡ G1
i . Note that in the

discussion below we avoid using the superscripts for the expanded partitions to reduce
clutter in the notation; Gi always refers to the expanded local partitions before the
next level begins.

5.2 Computing Local Support

Given the current (expanded) local partition Gi, and the set of globally frequent pat-
terns Pi from the previous level, Alg. 2 shows the steps to extend each pattern P ∈ Pi
and compute its local support. This function is carried out in parallel by all the k
threads within each compute node, as well as collectively by all the compute nodes in
each group Ri. That is, the patterns in Pi are divided up equally among all available
nodes/threads.

Algorithm 2 Compute Local Support
Compute-Local-Support(Gi, Pi, Plf , Pnlf )
1: for each pattern P ∈ Pi do
2: Create Embeddings Σi(P )
3: Ei(P )← Get-Extensions(Gi, P,Σi)
4: Compute local support for all extensions in Ei(P )
5: for each e ∈ Ei(P ) do
6: Extend P by e to obtain P ′

7: if P ′ is canonical then
8: Add P ′ to Plf if P ′ is locally frequent, else add P ′ to Pnlf

9: end if
10: end for
11: for each v ∈ VP do
12: Compute and store cardinalities |Φl

i(v)| and |Φe
i (v)|

13: end for
14: Discard Σi(P )
15: end for

For a specific pattern P , each processing element first computes its embeddings
Σi(P ) in Gi. Next, from each embedding, the set of all edge extensions are collected
in Ei(P ). For systematic and non-redundant graph enumeration, we use the DFScode
for canonicality checking and rightmost path edge extensions [27], as detailed below
in Alg. 3. Given the set of all extensions from each embedding of P , we can compute
the local support of each extension. The pattern P is extended by each of the new
edges e ∈ Ei(P ) to obtain the pattern P ′, which is retained only if it is canonical.
Finally, P ′ is either added to Plf if it is locally frequent, or else it is added to Pnlf .
It is important to note that we discard all of the embeddings Σi(P ) after computing
the cardinalities of the vertex mappings |Φli(v)| and |Φ

e
i (v)| for each vertex v ∈ VP ,

otherwise the amount of memory required to retain all embeddings can easily exceed
available resources.
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Algorithm 3 Get Extensions
Get-Extensions(Graph partition Gi = (Vi, Ei), P , Σi)
1: for each φ ∈ Σi do
2: for each u ∈ right-most path of φ do
3: Get valid forward and backward extensions Ef (u) and Eb(u), resp.
4: for each (u, v) ∈ Ef (u) such that v 6∈ Vi do
5: j ← partition id for vertex v
6: Exti[P ]← Exti[P ] ∪ {(v, j)}
7: end for
8: end for
9: end for

We now discuss Alg. 3 which identifies the valid extensions, and also determines
which external vertices are be fetched later to create the expanded partitions Gi. For
a pattern P , Alg. 3 finds all valid backward and forward extensions of its embeddings
in Σi. Backward extensions are those that introduce cycles in an existing patterns,
whereas forward extensions introduce a new vertex with the corresponding edge. Note
that extensions happen only along the right-most path; see [27] for more details. Note
that only forward extensions can introduce an external vertex. That is, if (u, v) is a
forward extension where u ∈ Vi but v /∈ Vi we would need to fetch this vertex for the
next extension if P turns out to be globally frequent. So in steps 4-6, we collect such
external neighbors for P and store them in the set Exti[P ] for use later in the external
neighbor expansion step. So we add to Exti[P ] the pair (v, j) where v is the external
vertex id, and j is the partition id for v. Then, in Alg. 6 the actual requests are made
to the corresponding partitions only if P is found to be globally frequent.

5.3 Support-Bound Based Pruning

Alg. 4 outlines the steps in computing the lower and upper support estimates for all
locally frequent patterns P , so that we can determine the globally frequent patterns.
We distribute the task of support-bound estimation among all compute nodes.

First, only those patterns that are locally frequent in some partition are considered.
To achieve this, in Step 1, each pattern in Plf is assigned to a designated compute node
via hashing on its unique DFScode. Each compute node distributes the patterns and
their vertex mapping cardinalities |Φli(v)| and |Φ

e
i (v)|, ∀v ∈ VP , to the designated com-

pute node via AllToAll. All compute nodes accumulate the received vertex mapping
cardinalities for their assigned patterns and determine their lower-bound and upper-
bound supports, σ̂l(P ) and σ̂u(P ), respectively. If pattern P satisfies σ̂l(P ) ≥ minsup,
then it is definitely globally frequent, and is added to the set F . Otherwise, if P sat-
isfies σ̂u(P ) ≥ minsup, then we add it to the set of potentially frequent patterns G.
Now, the patterns with σ̂u(P ) < minsup comprise the set Q; such patterns can be
infrequent either because they are globally infrequent, or it may be because they were
locally infrequent in one or more partitions, and thus their vertex mapping cardinalities
were not communicated in Step 1. To eliminate this possibility, we first communicate
the patterns in Q to all compute nodes via AllGather (Step 12). The unified set of
such patterns is denoted QG. Next, each compute node looks up the vertex mapping
cardinalities for these patterns in Pnlf , and sends them over to the designated compute
node via AllToAll in Step 13. Note that we do not consider patterns in Plf , since
they were sent earlier. Given the mapping cardinalities, each compute node can again
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Algorithm 4 Support-bound Pruning
Support-bound-Pruning (minsup, Plf , Pnlf )
1: Distribute P ∈ Plf to all compute nodes via AlltoAll using DFS code for P ; also send
|Φl

i(v)| and |Φe
i (v)|, for all v ∈ VP

2: Initialize sets F , G and Q to ∅
3: for each P mapped to self do
4: if σ̂l(P ) ≥ minsup then
5: F ← F ∪ {P}
6: else if σ̂u(P ) < minsup then
7: Q ← Q∪ {P}
8: else
9: G ← G ∪ {P}
10: end if
11: end for
12: Perform AllGather for all patterns P ∈ Q into QG

13: Perform AlltoAll for |Φl
i(v)| and |Φe

i (v)| for all hashed P ∈ QG to corresponding com-
pute nodes, if P ∈ Pnlf

14: for each P ∈ QG do
15: if σ̂l(P ) ≥ minsup then
16: F ← F ∪ {P}
17: else if σ̂u(P ) ≥ minsup then
18: G ← G ∪ {P}
19: end if
20: end for
21: AllGather to get all globally frequent patterns F and store in Pi if they are in either
Plf or Pnlf ; Similarly, store all potentially globally frequent patterns G in Ci

22: Return (Pi, Ci)

compute the estimates σ̂l(P ) and σ̂u(P ) for patterns in QG, and add them to either
F or G, accordingly.

It is important to stress that DistGraph does not communicate the vertex map-
ping cardinalities for all patterns in Plf and Pnlf . The global support is estimated
only for those patterns that are locally frequent in at least one partition. Next, only
for these patterns, we communicate the mapping counts in Pnlf , if we determine that
the estimated global support is below minsup. Our approach thus performs only the
necessary amount of communication. Also, whereas compute nodes can be selective
in not requesting the mapping counts from the nodes where a pattern P is already
locally frequent (and thus we will have access to its mapping counts from Step 1), such
cases are typically too few to outperform the efficient collective communication done
in Step 12.

5.4 Computing Exact Global Support

To determine the exact global support for a pattern P we need to have access to all its
vertex mappings Φi(v) in each partition Gi = (Vi, Ei) for each v ∈ VP . However, after
the local support computation phase, we have access to only the mapping cardinalities
|Φli(v)| and |Φ

e
i (v)| for each vertex, but not the mappings Φi(v) or the embeddings

Σi(P ). The vertex mappings Φi(v) can be obtained in several ways: i) memory-based:
keep the mappings Φi(v) in memory for all possible patterns, but communicate the
external mappings only if P ∈ Ci. This approach consumes too much memory, since
it is not possible to retain the mappings for all patterns (both locally infrequent or
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frequent) for all except the smallest of graphs with few embeddings per pattern; ii)
file-based: we can store the set of mappings Φi to local disk for all (infrequent and
frequent) patterns. For each pattern P ∈ Ci, we can then read the mappings from
disk; iii) regenerate embeddings: This is our default approach, where we regenerate or
recompute the embeddings for each pattern in a distributed manner. We experimentally
evaluate these approaches in Sec. 6.

Algorithm 5 Compute Exact Global Support
Exact-Global-Support(Gi, Ci, Pi)
1: AllGather Ci, i.e., the candidates for exact global support check, into CG
2: for each P ∈ CG do
3: If P ∈ Plf ∪Pnlf , regenerate vertex mappings Φl

i(v) and Φ
e
i (v),∀v ∈ VP (Optional: for

memory/file based versions read from memory/file, respectively)
4: Perform AllToAll to send the external mappings Φe

ij(v) to group Rj

5: Update local mappings Φl
i(v) by including mappings received from other groups, i.e.,

Φl
i(v)← Φl

i(v) ∪ Φe
ji(v)

6: Compute Global support σ(P ) = minv∈VP

∑K
i=1 |Φl

i(v)| by AllReduce
7: If σ(P ) < minsup remove P from Ci
8: end for
9: Pi ← Pi ∪ Ci
10: Return Pi

Alg. 5 describes how we determine the exact global support for all patterns P ∈ Ci.
We divide up the set Ci among the compute nodes in the group Ri to carry out the
exact support determination in a distributed manner. Further, all the k threads are also
involved in regenerating the mappings Φi(v) in parallel for all v ∈ VP in Step 3. The
external mappings for v involve a vertex in some other partition Vj (j 6= i). Therefore,
Φei (v) =

⋃K
j 6=i Φ

e
ij(v), where Φ

e
ij(v) denotes the set of external mappings in partition

Vi that come from partition Vj . Also, we ignore Φeii(v), since it is essentially Φ
l
i(v). The

local mappings do not have to be communicated to any other group. However, we use
the AllToAll operation to communicate to group Rj the external mappings Φeij(v)
involving initial partition Vj (Step 4). At the end of this exchange, each group Rj has all
the local vertex mappings for each vertex v in pattern P , which it uses to update Φli(v)
(Step 5). Formally, we can write Φli(v) = Φli(v)∪{∪

K
j 6=iΦ

e
ji(v)}. Since a graph vertex can

belong to at most one partition, we can then compute the true global support of P as
σ(P ) = minv∈VP

∑K
i=1 |Φ

l
i(v)|, which is accomplished by performing an AllReduce

operation on the local vertex mappings and considering the minimum value (Step 6).
Finally, the pattern is marked as infrequent if the support is below minsup, and each
group removes such patterns from Ci. Finally, the remaining patterns in Ci are globally
frequent, and are thus added to the set Pi.

5.5 External Neighbor Expansion

To avoid false negatives, the external neighbor expansion in Alg. 6 ensures that all
edges needed for computing the embeddings are available locally. For each pattern P
that is globally frequent, we have to collect the external neighbor requests for any
vertex in Φi(v) for v ∈ VP . We collect this list for each pattern, denoted Exti[P ], when
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we compute the local support, as detailed in Alg. 3. Recall that Exti[P ] comprises
pairs of the form (v, j), where v ∈ Vj , with j 6= i. The first step is to do an AllToAll
to request vertex v from partition Gj . Next, another AllToAll is used to respond
back with the degree and neighbor list. Finally, each partition Gi extends its edge
and vertex sets. The external neighbor requests are carried out simultaneously by
dividing up the requests among nodes in a group Ri. It is worth remarking that the
neighborhood extension does not significantly expand the memory footprint. This is
because we request the external neighbors only for the embeddings of frequent patterns,
and as computation progresses, fewer and fewer of these are found. It is possible to
further reduce the local memory by actually deleting from Gj vertices and edges that
do not participate in the mappings for any frequent pattern.

Algorithm 6 External Neighbor Expansion
External-Neighbor-Expansion(Gi, Pi)
1: Perform AlltoAll for (v, j) ∈ Exti[P ],∀P ∈ Pi sending global vertex ids v to the corre-

sponding partitions j
2: Reply with AlltoAll with the degree and the neighbor lists of the global ids
3: Extend the partition Gi with the neighbors, and mark all the requested global vertex id
v’s as own vertex, i.e. Vi ← Vi ∪ {v}

5.6 DistGraph Correctness

Our method guarantees correctness, i.e., it produces no false positive or false negative
patterns, as proved in the theorem below.

Theorem 5 Alg. 1 is correct, i.e., it outputs a pattern P if and only if σ(P ) ≥ minsup.

Proof: We prove the correctness by induction. Let P ′i be the set of globally frequent
patterns from the previous level comprising patterns with r − 1 edges.

Let P be a pattern with r edges, and let it be globally frequent, i.e., σ(P ) ≥ minsup.
Monotonicity of σ(P ) guarantees that there exists a pattern in P ′i from which P can
be obtained by an edge extension. In the Compute-Local-Support step, we try all
extensions of all patterns P ′ ∈ P ′i, and therefore P will be one of the candidate exten-
sions. Given the invariant Σ(P ) = ∪Σi(P ), Thm. 2 guarantees that P will be locally
frequent in at least one partition, so that P ∈ Plf for some partition. In Support-
bound-Pruning either σ̂l(P ) ≥ minsup and thus it will be added to the new set of
globally frequent patterns Pi, or σ̂u(P ) ≥ minsup and thus it will be added to the set
of potentially frequent patterns Ci. In the latter case, after exact global support compu-
tation in Exact-Global-Support, P will be found to be globally frequent and thus
will be added to Pi, the set of globally frequent patterns at the current level r.

On the other hand, assume that P is not globally frequent, i.e., σ(P ) < minsup.
In Compute-Local-Support if P is not locally frequent in at least one partition, we
are done. Otherwise, if P is locally frequent in some partition, it will be added to the
corresponding set Plf . Next in Support-bound-Pruning if σ̂u(P ) < minsup, then
P will be pruned and we are done. Otherwise, P will be added to the set Ci, but will be
eliminated in Exact-Global-Support when we determine its exact global support.
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Thus, a pattern P is added to Pi if and only if σ(P ) ≥ minsup. To complete the
proof, we have to show that the base case holds. Note that initially, when r = 0, we
start with the empty graph ∅ which is trivially frequent. For r = 1, this empty graph
will be extended by all possible edges in each partition, and thus the set of all frequent
patterns with a single edge will be correctly found. Finally, the algorithm will terminate
when each Pi is empty, which implies there are no new frequent patterns to be found.

The worse-case time complexity for mining all frequent subgraphs is clearly expo-
nential. To see this, consider an input graph G with |V | = n vertices and |E| = m

edges. Assume that the largest frequent pattern has l edges, then the number of possi-
ble frequent patterns are:

∑l
i=0 (

m
l ) =

ml+1−1
m−1 = O(ml). Next, for any pattern P with

l edges, we have to compute its support, which can take O
(
(ml )
)
= O(ml) time. Thus,

the worst case time complexity for frequent subgraph mining is O(ml×ml) = O(m2l).
Our distributed approach reduces the computational time to O(m2l/p) in the ideal
case, where p is the number of compute elements. For further results on the complexity
of subgraph mining problems see [28,13].

6 Experiments

All our distributed experiments are performed on up to 2048 IBM Blue Gene/Q
(BG/Q) nodes. Each node consists of a 16-core 1.6 GHz A2 processor, with 16 GB
of DDR3 memory. DistGraph is implemented in C++, compiled using g++ (v. 4.4.7)
and -O3 optimization flag. We use the OpenMP (v. 3.0) library for thread-based par-
allelism within compute nodes, and the portable, open-source and freely available MPI
implementation MPICH2 (v. 1.5) for distributed computation across nodes. We com-
pared our sequential implementation with GraMi [5], which is written in Java, and
is compiled using JDK v. 1.7. Our DistGraph code is available for download at
https://github.com/zakimjz/DistGraph.

Table 2 Datasets and their Properties: Number of vertices |V |, edges |E|, labels |L|, avg.
degree AD, clustering coefficient CC

dataset |V | |E| |L| AD CC

PDB1 (small) 20,226 83,356 22 8.2 0.57
PDB2 (medium) 2,020,188 7,905,260 22 3.9 0.55
PDB3 (large) 17,400,398 68,599,675 22 7.9 0.55
PDB4 (16x) 278,406,368 1,097,594,800 22 7.9 0.55
PDB5 (32x) 556,812,736 2,195,189,600 22 7.9 0.55
PDB6 (64x) 1,113,625,472 4,390,379,200 22 7.9 0.55

Patent 2,942,159 14,275,931 37 9.7 0.07
Youtube 4,584,572 23,236,009 80 5.8 0.19

6.1 Datasets

We used three main datasets in our experiments, namely PDB, Patent and Youtube.
The properties of the datasets are shown in Table 2. The PDB datasets (PDB1–6) were

https://github.com/zakimjz/DistGraph
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Table 3 Partitions and External Neighbors

dataset max comp. num partitions (avg. ext neighbors)
PDB1 4,477 4 (688), 8 (764)
PDB2 7,856 16 (57,246), 32 (38,625), 64 (23,801)
PDB3 11,568 32 (350,144), 64 (213,725), 128 (109,570)
Patent 2,934,409 32 (128,431), 64 (75,694), 128 (43,597)
Youtube 4,583,987 128 (71,606), 256 (38,628)

created from the 3D distance matrices using different number of protein 3D structures
from the RCSB Protein Data Bank (www.rcsb.org/pdb). The datasets PDB4, PDB5
and PDB6 are actually 16x, 32x and 64x replications of PDB3, respectively, used for
scalability experiments. Our largest graph PDB6 consists of more than one billion
vertices and 4 billion edges. The effective diameter for the PDB graphs (for 90% of the
node pairs) is between 24 and 32 hops.

The Patent dataset (www.nber.org/patents) consists of pairwise citation data of
the US patents granted between Jan 1963 and Dec 1999. We considered the “grant
year” of the patents as the vertex labels. The effective diameter (90%) for Patent is
9.5. The Patent dataset has some hub vertices with very high degrees. We use the hub-
duplication technique [25] to deal with such high degree nodes. If any node v has degree
more than 30, we make several duplicates of that node, say v1, v2, · · · , and redistribute
the neighbors of v among the duplicates vi, so that no node has degree more than 30.
Finally, we connect v and all vi in a clique. Note that no interactions are lost, and this
technique allows us to avoid the potential explosion in the number of embeddings for
hub nodes.

The Youtube dataset (netsg.cs.sfu.ca/youtubedata) lists the crawled video ids
and related videos for each video posted from Feb 2007 to Jul 2008. We restricted the
maximum vertex degree to 15. We created 10 buckets for rating (scale 0 to 5) and 8
buckets for length of the video. Combining these two we generated 80 different vertex
labels. For all the datasets the edges are unlabeled. The effective diameter (90%) for
Youtube it is 7.7.

Both Patent and Youtube have a giant component that comprises over 99.6% of the
vertices, and thus can easily be split into K parts. However, the PDB datasets comprise
many components (each being a separate protein structure), and straightforward K-
way split results in partitions with no external edges. Since we desire external neighbors,
we split each protein into K parts provided it has at least 64 vertices, which results in
many external edges, and the K parts of a single protein are then assigned to different
partitions. Table 3 shows the average number of external edges for different number
of partitions, respv., for the different datasets. For instance, Youtube has one giant
component comprising 4,583,987 vertices, and it has on avg. 71,606 external neighbors
with 128 partitions.

6.2 Performance results

We study the performance of our distributed algorithm by varying one of the three
different parameters, namely the number of compute nodes (p), threads (k), and par-
titions (K), while keeping the other two fixed. All our performance results are shown
as barplots. In the plots the left Y axis shows the total time, and the bars show the
time for different methods with different minimum support values. A value s on the

www.rcsb.org/pdb
www.nber.org/patents
netsg.cs.sfu.ca/youtubedata
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X axis indicates minsup of s% with respect to |V |, i.e., we are using relative sup-
port for each pattern. So for a pattern to be frequent it must satisfy the condition
σ(P ) ≥ |V | × s/100. In most cases the right Y axis records the speedup with respect
to a baseline method in the same plot.
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Fig. 5 DistGraph on PDB1: Sequential
(p = 1, k = 1) and Distributed (p =
4, 8, 16)

Sequential Comparison: We compared a sequential run of DistGraph with the
state-of-art sequential single graph mining method GraMi [5] on the small PDB1
dataset. Since the Java code cannot be run on the Blue Gene/Q system, we test on
a 16-core, 2.9Ghz AMD Opteron 6272 processor with 256GB memory. Both methods
were run using a single core. The results are shown in Fig. 4. We can see that se-
quential DistGraph is an order of magnitude faster (the y-axis is in log-scale). For
minsup = 0.59%, GraMi took 22787s versus 311s for DistGraph (i.e., 73 times faster).
Although the comparison is not entirely fair, since GraMi is in Java and our code is in
C++, we report these timings to show that we have a very efficient implementation.
That is, when reporting the distributed performance below, we are not using a slow
sequential method that can artificially boost speedup numbers.

Varying Compute Nodes: We show the effect of varying the number of compute
nodes. Fig. 5 compares the sequential run of DistGraph (with p = 1, k = 1), against
using 4, 8, and 16 compute nodes on BG/Q for PDB1. We obtain speedups of 10 with
p = 4, speedup of 16 with p = 8, and a speedup of 25 with p = 16 compute nodes.
While the speedups are good, they are less than ideal, since PDB1 is a relatively small
graph with limited work load.

Fig. 6 shows the effect of varying the compute nodes, and the effect of external
neighbors on PDB3 and PDB4. For these datasets, we were unable to run the sequential
version of DistGraph (with p = 1) for the lower support value, and therefore the
speedups are reported with respect to the baseline number of compute nodes shown
on the right y-axis.

We can see that the speedup is generally good, indicating relatively good load
balancing across compute nodes. For instance, for PDB3 we get a speedup close to 3
for the lowest support, when comparing p = 128 with p = 32, with the ideal speedup
being 4. Likewise, for PDB4 (which contains more than 1 billion edges), we get a
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Fig. 6 PDB3 and PDB4: varying compute nodes; effect of external neighbors

speedup of 1.6 (ideal being 2), when we go from p = 512 to p = 1024 compute nodes.
Finally, whereas we get similar speedups without and with external neighbors, the run
times with external neighbor requests are about twice as high, at the lowest minsup
value. This is mainly due to the cost of determining the exact global support, which is
not required when there are no external neighbors.
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Fig. 7 Patent and Youtube: varying number of compute nodes

Fig. 7 shows results of varying compute nodes on the Patent and Youtube datasets.
Even though these graphs are relatively large, they do not have many frequent pat-
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terns. Therefore, the speedups are relatively low for Youtube, whereas Patent has more
patterns and has better speedups (close to 2 with p = 128 wrt p = 32). On the other
hand, the PDB datasets have many more “structural motifs” or frequent patterns and
thus there is enough work to achieve good distributed performance.
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Fig. 8 Effect of varying partitions

Varying Partitions: In Fig. 8 we show the effect of varying the number of partitions
K. All results on PDB are with external neighbors. Consider the PDB2 dataset. With
K = 16 partitions of the input graph, since we have p = 64 compute nodes, this
means that there are 4 compute nodes in each group, which can work in a distributed
manner to process the same partition. On the other hand, with K = 64 partitions of
the input graph, each partition is processed by only one compute node. Although there
are fewer external neighbors with K = 64 partitions compared to K = 16, the latter
has the advantage of distributing the work load for a partition over 4 nodes. Across the
datasets, the results show that for a fixed number of compute nodes, generally speaking,
having fewer input partitions (with multiple compute nodes per group) results in better
performance. However, Youtube is an exception. With fewer frequent patterns, having
more compute nodes in a group does not help.

Varying Threads: Fig. 9 shows the effect of varying the number of threads k per
compute node. The PDB datasets are with external neighbors. For both PDB2 and
PDB3 we get speedup around 10 wrt k = 1 at the lowest support considered when
using k = 16 threads (ideal speedup is 16).
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Fig. 9 PDB: varying threads
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Fig. 10 PDB3: Effect of Two-step Support Bounding
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Fig. 11 Timing profile

Effect of support bounding optimization: In Fig. 10 we compare the effect of
using the lower and upper support estimates to prune patterns. We also analyze the
effect of regenerating the embeddings versus using the file-based approach to compute
the global support. Here, “No opt” refers to using no optimization, i.e., considering
all locally frequent patterns as the candidates for exact support computation. We
can immediately see that the pruning based on support bounds is extremely effective
in cutting down the communication cost, and thus the run times. The upper-bound
effectively prunes patterns that cannot possibly be globally frequent. The lower-bound
further determines the patterns that are truly globally frequent and prevents costly
exact support computation.
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For the remaining patterns, we have to determine the global support by either
keeping the embeddings in memory, in a file on disk, or via regeneration. We show the
time for the regeneration and file-based case in Fig. 10 (a) and (b), respv., on PDB3.
As expected, we were not able to run the memory-based version for this graph. We
can see that the file-based time is about 2 times faster than regeneration. However,
with both lower and upper support bounding optimizations turned on, the times are
more or less comparable. For instance, for the lowest support, the regeneration time is
4721.3s, whereas the file-based time is 3831.8s.

We also profiled the time spent in the various phases of DistGraph, as shown
in Fig. 11(a) for PDB3 for both the regeneration and file-based approaches using
minsup = 0.75%. Both approaches show that the time for support-bound based prun-
ing (< 0.5% of total time), and expanding the partitions via external neighbor requests
(< 2% of total time) is negligible compared to the time it takes for computing the lo-
cal support (> 58% of total time) and the time to determine the exact global support
(41% and 28%, respectively, for regeneration and file-based approaches). Obviously in
regeneration, we have to recompute the set of embeddings to determine actual support,
which can be avoided by storing the embeddings on disk. Nevertheless, the regeneration
approach is more general, since it can be applied to massive networks and in situations
where the I/O cost for storing and retrieving potentially millions of embeddings can
be a bottleneck.
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Fig. 12 DistGraph: Scalability on Billion
Vertex Graph

Scalability: Finally, in Fig. 12 we show
the scalability of our distributed min-
ing algorithm. We show the performance
on PDB3, PDB4, PDB5, and PDB6 (all
with external neighbors). PDB6 has over
a billion vertices and four billion edges,
and is the largest graph to be used for
frequent subgraph mining experiments.
We use the following number of compute
nodes/partitions (p = K): PDB3 (32),
PDB4 (512), PDB5 (1024), PDB6 (2048).
That is, to mine PDB6, we use p = 2048
compute nodes and K = 2048 partitions.
We can see that DistGraph can scale
to billion vertex graphs. For instance, for
minsup = 0.69, the time on PDB6 (64x) is 7313s compared to 5491s for PDB3 (1x),
which is only a factor of 1.33 higher (ideally the factor should be 1, since we are using
2048 = 64 x 32 compute nodes), which shows very good distributed performance, con-
sidering that PDB6 has many more partitions and thus many more external neighbors
(64x in absolute terms) compared to PDB3.

7 Conclusions

We presented a novel distributed approach for mining frequent subgraph patterns from
a single large graph. We partition the input graph to distribute the workload across
the system. We minimize the amount of communication by sending compact mapping
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counts instead of the pattern embeddings/mappings. Our solution is also very flexi-
ble, since it relies on collective communication primitives that are available on almost
all distributed frameworks. Our hybrid approach also leverages both shared memory
and distributed systems. Further, based on the resource availability, one can consider
different number of partitions, compute nodes and threads, for scalability.

Our work is scalable, however, there are also some limitations that can be improved.
One limitation of our current implementation of external neighbors expansion is that
we do not prune any of the irrelevant vertices. While the increase is usually gradual, in
pathological cases, the partitions may eventually become too large, especially if there
are very large patterns. In such cases, we can prune from each partition any vertex
that does not belong to the mappings for any frequent pattern. We can also use a fixed
size memory-based cache for the local graph partition, swapping out least recently used
vertices/edges to disk. Another approach is to move the computation instead of the
data, i.e., migrate patterns to the partitions that own the external vertex, as opposed
to requesting the neighbors. This is likely incur more communication overhead, but
we plan to explore these alternatives in the future. Another limitation is dealing with
hub nodes with very high degrees, which can lead to exponentially many embeddings.
We outlined one approach where we duplicate the hubs nodes, creating a clique, and
redistributing the neighbors among them, but more effective solutions are desired,
especially since this is a problem for any graph mining algorithm. Finally, the techniques
proposed in this paper can be used within the Arabesque [24] distributed graph mining
framework for FSM over massive partitioned graphs. We plan to explore this in the
future, and also plan to compare with a Spark implementation of DistGraph.
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