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METABOLIC NETWORK
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Organisms from all three Pin(k)=k
domains of life are scale-free! P . (K)=k™>?

H. Jeong, B. Tombor, R. Albert, Z.N. Oltvai, and A.L. Barabasi, Nature, 407 651 (2000)



TOPOLOGY OF THE PROTEIN NETWORK

Nodes: proteins
Links: physical interactions-binding
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Growth and preferential attachment



Barabasi-Albert model Definition

The recognition that growth and preferential attachment coexist in real networks has
inspired a minimal model called the Barabasi-Albert model (BA model), which
generates scale-free networks [1], defined as follows:

We start with m, nodes, the links between which are chosen arbitrarily, as long as each
node has at least one link. The network develops following two steps:

1. Growth: at each timestep we add a new node with m (< m,) links that connect the
new node to m nodes already in the network.

2. Preferential attachment: the probability [I(k) that a link of the new node connects to
node i depends on the degree k; as l(k)=k> ; k;

Preferential attachment is a probabilistic mechanism: a new node is free to connect to
any node in the network, whether it is a hub or has a single link. However, that if a new
node has a choice between a degree-two and a degree-four node, it is twice as likely that
it connects to the degree-four node.

[1] A.-L.Barabasi, R. Albert and H. Jeong, Physica A 272, 173 (1999)



Linearized Chord Diagram

Possible evolution
s . G," paths with self-loops.
The definition of the Barabasi-Albert model leaves many mathe- ! g

, : New node is red.
matical details open:

» It does not specify the precise initial configuration of the first 1
m, nodes. Q_@ Q @

» It does not specify whether the m links assigned to a new node
are added one by one, or simultaneously. This leads to potential
mathematical conflicts: If the links are truly independent, they G,”

could connect to the same node i, leading to multi-links. %
or

One possible definition with self-loops g
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Degree dynamics



Degree distribution for Barabasi-Albert model

Y: ]
1 . . .
k.(t) = m[ij £= 5 for t 2 my+i and O otherwise as system size at t is N=m+t-1
‘ t

We assume the initial my nodes create a fully connected graph.

A random node j arriving at time t is with equal probability 1/N=1/(m,+t-1) one of the
nodes 1, 2,.... N, its degree will grow with the above equation, so

1 1 1
mbBt mbBt mht
P(kit)<k)=P|t;>—F |=1-P|t;<— |=1——
kB kB kB(t+my — 1)

For the large times t (and so large network sizes) we can replace t-1 with t above, so
OP(k()<k) 2m’t 1
...P(k): (l() ): 3Nk_? ‘y=3‘

ok m +tk

A.-L.Barabasi, R. Albert and H. Jeong, Physica A 272, 173 (1999)



Degree distribution
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(i) The degree exponent is independent of m.

(i) As the power-law describes systems of rather different ages and sizes, it is
expected that a correct model should provide a time-independent degree
distribution. Indeed, asymptotically the degree distribution of the BA model is
independent of time (and of the system size N)

—> the network reaches a stationary scale-free state.

(iii) The coefficient of the power-law distribution is proportional to m2.

A.-L.Barabasi, R. Albert and H. Jeong, Physica A 272, 173 (1999)
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NUMERICAL SIMULATION OF THE BA MODEL

100 »

10 °. p,/2m?
(a) We generated networks with N=100,000
10 and m,=m=1 (blue), 3 (green), 5 (grey), and 7
1073 .. (orange). The fact that the curves are parallel
P« 104 to each other indicates that y is independent
k of m and m,. The slope of the purple line is -3,
107 corresponding to the predicted degree expo-
10 nent y=3. Inset: (5.11) predicts p,~2m? hence
2m(m+1) 107 p,/2m? should be independent of m. Indeed,
P(k) = ’ by plotting p,/2m? vs. k, the data points shown

k(k+1)(k+2) 10" (a) . in the main plot collapse into a single curve.
1077
10° 10 102k 10° 104

(b) The Barabasi-Albert model predicts that
p, is independent of N. To test this we plot p,
for N = 50,000 (blue), 100,000 (green), and
200,000 (grey), with m =m=3. The obtained p,
are practically indistinguishable, indicating
. that the degree distribution is stationary, i.e.
independent of time and system size.

(b)



NUMERICAL SIMULATION OF THE BA MODEL

m=1,3,5,7 N=100,000;150,000;200,000

i i i
m-dependence n - b
Pk = 2m(m+1) A N ", (b)
k(k+1)k+2) _'-'__._ém. . w0* X\ Stationarity:
2m’t 1wt e \ P(k) independent
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FIG. 21, Mumencal simulations of setwork evolution: (a) Degres distribution of the Barabasi-Albert model, with N =mg4 1
= 300000 and O, mp=m=1; 0, mp=m=3; & mp=m=5; and &, mg=m=7. The sloge of the dashed line s y=2.9, providing
the best fit to the data, The inset shows the rescaled distribution (see text) P(k)/2m” for the same values of m, the slope of the
dashed line betng = 3; (o) PUE) fof mig=m =5 and varbous systens sizes, O, W= 1000000 O, N = 150000 &, A= 200000, The
umset shows the tme evolution for the degree of two vertioes, added 1o the system &t ;=5 and ;=95 Hete seg=m =35, and the
dashed line has slope L5, as predicted by Eq. (810, After Barabasi, Albert, and Jeong (199497,



The mean field theory offers the correct scaling, BUT it provides the
wrong coefficient of the degree distribution.

So assymptotically it is correct (k> ==), but not correct in details
(particularly for small k).

To fix it, we need to calculate P(k) exactly, which we will do next using a
rate equation based approach.



MFT - Degree Distribution: Rate Equation

< N(k,t) >= tP(K,t) Number of nodes with degree k at time t.
Since at each timestep we add one node, we have N=t (total number of nodes = number of timesteps)

II(k) = k — k 2m: each node adds m links, but each link contributed to the degree of 2 nodes

_Z_kj 2mit

Total number of
k-nodes

Number of links added to degree k nodes after the arrival of a new node: MNPk 1) xm= Ep(k,t)
2

Nr. of degree k-1 nodes that acquire k& —1 New node adds

a new link, becoming degree k 2 P(k—11) Preferential m new links to
attachment other nodes

Nr. of degree k nodes that acquire a EP(k £)

new link, becoming degree k+1 2 z

k—1 k
(N+D)P(k,t+1)=NP(k,0))+——P(k—1,1)— - P(k,1)
\ j o\ ] L 2 j L2 )

i I Y
# k-nodes at time t+1 # k-nodes Gain of k- Loss of _k-
attime t nodes via nodes via
k-1-> k k-> k+1

A.-L.Barabasi, R. Albert and H. Jeong, Physica A 272, 173 (1999)



MFT - Degree Distribution: Rate Equation

k—1 k
N+DP(k,t+1)=NP(k,))+—P(k—1L1) — - P(k,1)
] j o\ ) | 2 j 12 j

I | Y
# k-nodes at time t+1 # k-nodes Gain of k- Loss of _k-
at time t nodes via nodes via
k-1- k k- k+1

We do not have k=0,1,...,m-1 nodes in the network (each node arrives with degree m)
- We need a separate equation for degree m modes

(N +DP(m,t+1) = NP(m, 1)+ 1 —%P(m, 9
1 J 1

]
Y Y — —
# m-nodes at time t+1 # m- Add one Loss of an
no_des al  m-degeree  _node via
time t node m-=> m+1

A.-L.Barabasi, R. Albert and H. Jeong, Physica A 272, 173 (1999)



MFT - Degree Distribution: Rate Equation

k—1 k
(N+D)P(k,t+1)=NP(k, 1)+ TP(k —1L7)— EP(k, [) k>m
(N +DP(m,t+1) = NP(m,O)+ 1 —gp(m, 9
We assume that there is a stationary state in the N=t-> < limit, when P(k,*)=P(k)

(N+1D)P(k,t+1) - NP(k,t) =NP(k,©)+ P(k,©) — NP(k,»®) = P(k,°) = P(k)
(N+DP(m,t+1) — NP(m,t) = P(m)

k—1 k k—1
P(l) === Pk =1 =2 P(k) Pk) = k—+22P(k 1) kem
P(m)=1— %P(m) P(m)=-——



MFT - Degree Distribution: Rate Equation

k-1 __k
P(k) =mP(k—1) > Plk+D= k+2P(k)
2
P = 2
m 2m

Pl ) = 3 = o (m+ 3)
Pl 42 — m+1P L) — 2m(m+1)

mt ) = a ) = s 3ym + 2)
Pm+3)=""Z p(m+2) - 2m(m +1) m+3 >k

m+5 (m+3)Y(m+4)(m+5)

Pk) 2m(m +1) P(k) ~ k= for large k

T kk+ Dk +2)

Krapivsky, Redner, Leyvraz, PRL 2000
Dorogovtsev, Mendes, Samukhin, PRL 2000
Bollobas et al, Random Struc. Alg. 2001



MFT - Degree Distribution: A Pretty Caveat

k—1 k
Start from eq. P(k) = TP(k —1)— EP(k)

2P(k) =(k—1)P(k—1)—kP(k)=—P(k—1)— k[ P(k)— P(k—1)]

P(k)—P(k—1 Pk
APl ==Pk=D—k (k)—(k(_l) P=Pk-D égc)
P = _% O’Ud;(k)]

Its solutionis: P(k) ~ k™

Dorogovtsev and Mendes, 2003
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Z Z 2mt

mo(mo — 1)
2 During a unit time (time step): Ak=m -2 A=m

8k,- L ki ok, _g j‘ak,._ g In(ijzlh{i]:h{i]lm
or 2t k, 21 w20 g M2 N M

Use: Z kj=2m(t-1)+
J

o 10° - 1
kl(t) = | — ﬁ: — = : O B "//"/
ti 2 10" - = __
: dynamical exponent A
ﬁ y p 10 101 102 103 104 105
t

A.-L.Barabasi, R. Albert and H. Jeong, Physica A 272, 173 (1999)



Fithess Model



Fithess Model: Can Latecomers Make It?

SF model:  k(t)~t”  (first mover advantage)
Fitness model:  fitness () Tl(k,)= :k; k(n,t)~tA0
2-771 k;
J
A B(n)=n/C
3
B
=
a

- >
time
Bianconi & Barabasi, Physical Review Letters 2001; Europhys. Lett. 2001.



Section 5.3

10°
(a) SINGLE NETWORK
104

........ ¢ The degree of each node increases following a power-law with the
"""""""" same dynamical exponent 8 =1/2 (Figure 5.6a). Hence all nodes follow
''''''''' the same dynamical law.

10°
k » The growth in the degrees is sublinear (i.e. 8 < 1). This is a consequence
102 of the growing nature of the Barabasi-Albert model: Each new node has
more nodes to link to than the previous node. Hence, with time the ex-
isting nodes compete for links with an increasing pool of other nodes.
10
* The earlier node i was added, the higher is its degree k(t). Hence, hubs
10° are large because they arrived earlier, a phenomenon called first-mov-
10° 10 102 103 t 104 106 106 er advantage in marketing and business.
\l/—, \I/—, ¢ The rate at which the node i acquires new links is given by the deriva-
\[/ tive of (5.7)
(b) N=102 N=10% N=108
0 0 0
100 [, 10 . 10 . dk(0) _m 1 58
100 - 0o 00 e 2t
..o LY .°.
10° moee 10° LA 10° indicating that in each time frame older nodes acquire more links (as
?53 ?53 K ?53 they have smaller t). Furthermore the rate at which a node acquires
& links decreases with time as t/2. Hence, fewer and fewer links go to a
104 104 e 104 node.
10° 10° 10°
10° 10° 10° — 1

10° 10" k 10* 10° 104 10° 10" k 10* 10° 10* 10° 10" k 10* 10° 10%
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Absence of growth and preferential
attachment



MODEL A

growth " preferentiat-attachment
KRLLIEL &

[1(k;) : uniform

K ANy =—
Ot m,+1t—1 P '
1
k() =min(e =
m+t, —1

e k ~
P(k) = ZGXP(—;) ~e "



MODEL B
M preferential attachment

MODEL E

K;. 1 N Kk 1

AH(k )—I— = kA
ot N N-1 2t N
N
ki (t) _ 2(N 1) Ct 2(N-1) __ Et
N (N —2) N

P, : power law (initially) -
- Gaussian - Fully Connected



Do we need both growth and
preferential attachment?

YEP



EMPIRICAL DATA FOR REAL NETWORKS

15 Pathlenght , e _Clustering Degree Distr.
Wiood webs .
H-neural network * I "‘.._‘ A A 10° J R Bty

F o power grid . N

Acolaboton networks 00 | n"‘ x A o P(k) ~ k
SWWW _log - 2 | % i
. 10 rEmetabolic networks ™™ log(k) _ ‘-,.‘\ Le e \?\ )
v, @Internet y A e 2 . Wiood webs 'H‘ @104 N
o A - v 10* | | 3 neural network as L e
= - E W rotabolic networs C CO}’!,L "
- A F s 4 3 powergrid . 10" N
5k & ,t" jmllabnramn netanors s ‘\’
® 10° 10’ 10° 10° 10*
e . C ~ const | k
RegaT:ar 10° lm‘ 11,05 1% e 10° 1o0* 10° 10° P(K)=5(k-k
network el N = (k)=otkka) =)
Erdos- log N (k) k>*

. Iran ~ = = — = _<b< >
Renyl ¢ |Og<k> é C:rand =p= N % P(k)—e T g]
WattS' lo 2

~ J1og N N Exponential
Strogatz Irand ~ |Og<k> g] C CO”SZ é p %
Barabasi- Pk) ~k? &
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The origins of preferential
attachment



Link selection model

Link selection model -- perhaps the simplest example of a local
or random mechanism capable of generating preferential
attachment. (a) NEWNODE

Growth: at each time step we add a new node to the network.

Link selection: we select a link at random and connect the new
node to one of nodes at the two ends of the selected link.

To show that this simple mechanism generates linear (b)
preferential attachment, we write the probability that the node
at the end of a randomly chosen link has degree k as

q, = Ckpy ® O

In (5.26) Ccan be calculated using the normalization condition 2q, =1, .
obtaining C=1/ (k). Hence the probability to find a degree-knode at the end
of arandomly chosen link is

oo

_ (527,
R



Section 9 Originators of preferential attachments

Rk

In An Informal Theory of the Statistical 19573 2 -
Structure of Languages [26] Benoit
Mandelbrot proposes optimization as the 1955 |7 Ona Class of Skew Distribution Functions
arigin of power laws. Herbert Simon [6] proposes randomness
&s the origin of power laws and dismisses
l Mandelbrot’s claim that power law are
rooted in optimization.
e Simon's model is analytically circular...
comment on Simon’s paper [27]
writing: 739
Benoit
Dr. Mandelbrot's principal and mathemati- 7 The essence of Simon's lengthy
cal objections to the model are shown to be reply & year later is well o
unfounded summarized in its abstract [28].
1960 w7
Herbert
In & 19 page response entitled ...Most of Simon's (1960) reply was irrelevant.
Final Note, Mandelbrot @ @ 1941
states [29]:
Benoit This present ‘Reply’ refutes the almost 7 Simon's subsequent Reply to
entirely new arguments introduced by Dr. e ‘Final Mote’ by Mandelbrot o
Mandelbrot in his “Final Note"... does not concede [30]
1961 \Jﬁ
. Herbert
In the creatively titled Post My criticism has not changed since I first
o Scriptam to Finat Ngle had the privilege of commenting upon a
Mandlebrot [31] writes draft of Simon. & g\
1941
Benoit

Dr. Mandelbrot has proposed a new set of
objections to my 1955 models of Yule 7
distributions. Like earlier objections, these

are invalid. 1961 o

Simen’s final reply ends but
does not resolve the debate [32]

Herbert



Gydirgy Pdlya
POLYA PROCESS

MATHEMATICIAN 9 @ POLITICAL SCIENTIST o SOCICLOGIST

Robert Gibrat

PROPORTIONAL GROWTH
ECOMNOMIST

George Udmy Yule
YULE PROCESS
STATISTICIAN

MILESTONES

FUBLICATION
DATE

George Kinsley Zipf
WEALTH DISTRIBUTION
ECONOMIST

Herbert Alexander Simaon
MASTER EQUATION

Robert Merton
MATTHEW EFFECT

Derek de Solla Price
CUMULATIVE ADVANTAGE
PHYSICIST

20

Albert-Laszlo Barabasi & Réka Albert

PREFERENTIAL ATTACHMENT
NETWORK SCIENTISTS

XXI

#o*o—.——.*o——.—.—.—o

1923 1925 1931 19535 1941

[ ]

Gyirgy Pélya [1887-1985)
Preferential attachment made its
first appearance in 1923 in the
celebrated urn model of the
Hungarian mathematician Gydrgy
Pélya [2]. Hence, in mathematics
preferential attachment is often
called a Pélya process.

George Udmy Yule [1871-1951]

used preferential attachment to
explain the power-law distribution of
the number of species per genus of
flowering plants [3]. Hence, in
statistics preferential attachment is
often called a Yule process.

950 1955 1960

L ]

Robert Gibrat [1904-1980]
proposed that the size and the
growth rate of a firm are indepen-
dent. Hence, larger firms grow

faster [4]. Called proportional growth,

this is a form of preferential
attachment.

George Kinsley Zipf [1902-1950]
used preferential attachment to
explain the fat tailed distribution of
wealth in the society [5].

1968

1970 1976

Herbert Alexander Simon (1916-2001)
used preferential attachment to
explain the fat-tailed nature of the
distributions describing city sizes,
word frequencies, or the number of
papers published by scientists [6].

Derek de Solla Price [1922-1983]

used preferential attachment to
explain the citation statistics of
scientific publications, referring to it
as cumulative advantage (7).

2000

Robert Merton [1910-2003]

In sociology preferential attachment
is often called the Matthew effect,
named by Merton (8] after a passage
in the Gospel of Matthew.

Barabasi [1967] & Albert [1972]
introduce the term preferential
attachment in the context of networks
[1] to explain the erigin of their
power-law degree distribution.

+._._
1965 1999 2005 2010

£

L)
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