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Abstract

In this paper we consider two important topics: density estimation and random variate generation. We will
present a framework that is easily implemented using the familiar multilayer neural network. First, we develop
two new methods for density estimation, a stochastic method and a related deterministic method. Both methods
are based on approximating the distribution function, the density being obtained by differentiation.

In the second part of the paper, we develop new random number generation methods. Our methods do not
suffer from some of the restrictions of existing methods in that they can be used to generate numbers from any
density provided that certain smoothness conditions are satisfied. One of our methods is based on an observed
inverse relationship between density estimation process and random number generation. We present two variants
of this method, a stochastic, and a deterministic version. We propose a second method that is based on a novel
control formulation of the problem, where a “controller network” is trained to shape a given density into the
desired density.

We justify the use of all the methods that we propose by providing theoretical convergence results. In particular,
we prove that the L., convergence to the true density for both the density estimation and random variate
generation techniques occurs at a rate O((log log N/N)(~9)/2) where N is the number of data points and € can be
made arbitrarily small for sufficiently smooth target densities. This bound is very close to the optimally achievable
convergence rate under similar smoothness conditions. Also, for comparison, the L (RMS) convergence rate of a
positive kernel density estimator is O(N~2/%) when the optimal kernel width is used.

We present numerical simulations to illustrate the performance of the proposed density estimation and random
variate generation methods. In addition, we present an extended introduction and bibliography that serves as an

overview and reference for the practitioner.
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1 Introduction

A majority of problems in science and engineering have to be modeled in a probabilistic manner. Even if the
underlying phenomena are inherently deterministic, the complexity of these phenomena often makes a probabilistic
formulation the only feasible approach from the computational point of view. Although quantities such as the mean,
the variance, and possibly higher order moments of a random variable have often been sufficient to characterize a
particular problem, the quest for higher modeling accuracy, and for more realistic assumptions drives us towards
modeling the available random variables using their probability density. This of course leads us to the problem
of density estimation (see [51]). Examples of applications that require a density estimation step as an essential
component include the following: the application of the optimal pattern classification procedure, the Bayes procedure
(see [12], and [22]), the determination of the optimal detection threshold for the signal detection problem [64], time
series prediction applications where the density for a future data point is required rather than a single forecast for
the value (see [67], [61]), clustering for unsupervised classifier design [22], the design of optimal scalar quantizers for
the signal encoding problem [26], and finding estimates of confidence intervals and quantile levels for the parameter

estimation and regression problems [34].

1.1 Existing Density Estimation Techniques

Traditional density estimation methods can be grouped into two broad categories (see [51], [12], and [22]). The first
of these is the parametric approach. It assumes that the density has a specific functional form, such as a Gaussian or
a mixture of Gaussians. The unknown density is estimated by using the data to obtain estimates for the parameters
of the functional form. Typically, the parameters are estimated using maximum likelihood or Bayesian techniques.
The drawback of the parametric approach is that the functional form of the density is rarely known beforehand, and
the commonly assumed Gaussian or mixture of Gaussian models rarely fit densities that are encountered in practice.

The more common approach for density estimation is the nonparametric approach, where no functional form for
the underlying density is assumed. Rather than expressing the density as a specific parametric form, it is determined
according to a formula involving the data points available. The most common nonparametric method is the kernel
density estimator, also known as the Parzen window estimator [43]. A problem with the kernel method is its extreme
sensitivity to the choice of the kernel width, which acts as regularization parameter. A wrong choice can lead to
either under-smoothing or over-smoothing. Methods to estimate the kernel width are either asymptotic and given
in terms of the unknown density, thus impractical, or are based on cross-validation, thus prone to statistical error.
Another drawback of the kernel method is that it has the tendency to exhibit bumpy behavior at the tails [51]. If
the bumps are smoothed out by increasing the kernel width, then essential detail in the main part of the density is
masked out or the width of the main part of the density will be exaggerated.

Another common nonparametric approach is the k-nearest neighbor technique [25]. The k-nearest neighbor
approach shares some of the drawbacks of the kernel density estimator, such as the difficulty of obtaining the best
smoothing parameter, k. In addition, the density estimate is not a smooth function, has a very heavy tail, and
integrates to infinity on non-compact sets. One of the advantages of the kernel and k-nearest neighbor methods is
their ease of implementation.

A number of other nonparametric or semiparametric methods have been proposed in the literature. For example,
penalized likelihood methods (see for example [52], [19]) penalize the likelihood by some regularizing functional.

Orthogonal expansions [16], and wavelet based methods [38], [14] obtain density estimates by expanding in some



suitable basis. Complexity based approaches [6], [45] are similar to penalized likelihood methods in that they try to
achieve a compromise between likelihood and simplicity. Methods using families of exponentials represent the density
in terms of some exponential family (see for example [8]). Histospline approaches use splines to fit the distribution
function, and obtain the density by differentiation, [48], [66].

There have been a number of methods on using neural networks for density estimation. The majority of the
approaches tend to be parametric in nature, and therefore share many of the limitations of the parametric approach
discussed above. For example, Traven’s approach [62] and Cwik and Koronacki’s method [18] are based on mixture
of Gaussian density estimation method. Bishop and Legleye [13], Bishop [11], and Husmeier and Taylor, [30], consider
a mixture of Gaussians model where the mean and variance are estimated using a multilayer network. Williams [68],
proposes a similar approach for the multidimensional case. Schioler and Kulczyki’s method [47] is based on the
kernel estimation method. Roth and Baram [46], and Miller and Horn [39] developed elegant methods by training
networks to maximize the entropy of the outputs. Van Hulle [63] developed an interesting technique based on a self-
organizing approach, whereby the algorithm converges to a solution, such that at any point, the density of the weight
vectors is an estimate of the unknown density. Martinez [37] used a competitive learning tree to create equiprobable
quantizations of the input space. Modha and Fainman [40] proposed a multilayer network, that is trained by
maximizing the log-likelihood of the data. Weigend and Srivastava [67] developed a fractional binning approach,
developed in the context of time series prediction that is based on partitioning the input space into bins, assigning
a softmax output neuron for every bin, and training the network on the fraction of data falling in each respective
bin. Smyth and Wolpert [54] suggested a method for combining the estimates of several density estimators (such as
kernel estimators or mixture of Gaussian estimators). Zeevi and Meir [70] proposed the use of convex combinations
of density estimators and analyzed their estimation error. Neural network based methods have also been developed

for estimating discrete distributions, see for example Thathachar and Arvind [59], and Adali et al. [2].

1.2 Overview of the New Density Estimation Techniques

First we will propose two new methods for density estimation using multilayer networks. The approaches can be
considered as semi-parametric models. The reason is that the model is described in terms of a number of parameters
(the weights of the network), rather than the actual data points, but at the same time the number of parameters can
be increased in a way that would ultimately achieve an all-powerful model capable of approximating any (continuous)
density function. One important advantage of multilayer networks over local methods such as the kernel estimator
is that they have been shown in theory and in practical problems to be superior for high-dimensional problems.
For example, Hornik et al. [28], [29] show that a neural networks ability to simultaneously approximate a function
and its derivatives does not decay with increasing input dimension. Modha and Masry [41] obtain a similar result
for the case of neural networks approximating density functions. In both cases, the coefficient of convergence may
depend on the dimension. Further, multilayer networks give us the flexibility to choose an error function to suit
our application. The methods developed here are based on approximating the distribution function, in contrast
to most previous works which focus on approximating the density itself. Straightforward differentiation then gives
us the estimate of the density function. One expects that estimating the distribution function is less sensitive to
statistical fluctuations (since the integral operator that converts the histogram into the distribution function acts a
regularizer). The distribution function is often useful in its own right - one can directly evaluate quantiles or the
probability that the random variable occurs in a particular interval. Although the methods by Wahba, [66], are also

based on approximating the distribution function, our approach is quite different and obtains a better convergence



rate for the error than the cubic spline techniques presented there.

We develop two methods for the estimation of densities by first learning the cumulative distribution function and
then taking the derivative of the resulting function. The first method is based on a stochastic algorithm (SLC), and
the second method is a deterministic technique based on learning the cumulative (SIC). We show that these two
techniques yield equivalent results. The stochastic technique will generally be smoother on smaller numbers of data
points, however, the deterministic technique is faster and applies to the multi-dimensional case.

We analyze the consistency and the convergence rate of the estimation error for our methods in the univariate
case. When the unknown distribution is bounded and has bounded derivatives up to order K, we prove that the
Lo estimation error is O((loglog N/N)%"), where N is the number of data points. As a comparison, for the
kernel density estimator (with non-negative kernels) and the k%" nearest neighbor density estimator, the Ly (RMS)
estimation error is O(N~2/5), under the assumptions that the unknown density has a square integrable second
derivative (see [51]), and that the optimal kernel width is used, which is not possible in practice because computing
the optimal kernel width requires knowledge of the true density. One can see that for smooth density functions with
bounded derivatives, our methods achieve an L, error rate that is better than O((1/N)(1=¢)/2) for any € > 0.

We have found in the literature only the following methods that achieve comparable error rates. The first is a
kernel estimator with the specific choice of kernel that possesses zero I** order moments for I = 1,..., L, L being
even, [51]. For such kernels, the Lo (RMS) convergence rate is O(N~L/(2L+1))_ A problem, however, with this
method is that the kernel has negative parts. The other method is the adaptive kernel estimator, [51], for which
the Ly (RMS) error rate is theoretically O(N~%/%). However, the error estimate for this method is based on using
the optimum smoothing function, which is given in terms of the unknown density and its derivatives. Even if one
uses pilot estimates of these unknown characteristics of the true density to determine the smoothing function, the
resulting statistical error will leave a residual O(N 2/%) term that cannot entirely cancel out. In short, no positive
kernel estimator can have a faster L, (RMS) rate of convergence than O(N~2/%) [8]. The error estimate of our
method, in contrast to these methods, does not rely on optimizing parameters based on the unknown density (other
than knowing K). A class of semi-parametric methods that achieve an L, error rate of O((log N/N )%) and Lo
error rate of O((1/N )%) have also been proposed (see [57], [8], [15], [23], [48]), where K is the maximum k for
which [ |F*| < co where F is the unknown distribution function. These methods have been shown to achieve the
optimal convergence rates on compact sets (see [23], [55], [66]). Thus, our proposed methods achieve a convergence

rate very close to the optimally achievable rate.

1.3 The Random Variate Generation Problem

In the second part of the paper, we consider the problem of generating a random variable according to a given
density function. Monte Carlo simulation techniques in areas such as physics, biology, engineering and economics
rely on the ability to generate a random number from a given (or estimated) distribution efficiently. Examples
of such applications include the simulation of a biological system, such as how nerve cells interact together, the
simulation of a communication network where the packets are assumed to arrive according to a particular density
function, the simulation of a control system where the plant disturbance is a random variable, and the simulation of
the stock market in an attempt to estimate a valuation for some derivative instrument. In the past, the assumption
of standard density functions such as Gaussian or exponential densities for these random variables often allowed
analytical solutions for these problems. But now, with more accuracy needed, the next step has been to assume more

realistic density functions for the random variables (possibly estimated from the data).



1.3.1 Existing Random Variate Generation Techniques

Unfortunately, there are very few techniques that can generate a random variable possessing an arbitrary density
function (see [44] and [20] for reviews of the different approaches). One well known method is the transformation
method: a uniformly distributed random number z is generated, and this number is passed through a nonlinear
transformation y = G~1(z), where G(z) is the given (cumulative) distribution function. The problem with this
method is that in the majority of cases G~1(z) (or even G(z)) is not known analytically. Solving for G~(z)
numerically is not practical since speed is of the essence for the random number generation problem. In Monte
Carlo simulations, random variables are typically generated millions of times, in order to obtain statistically reliable
results. There are many variations of the transformation method, such as obtaining transformations of several
random variables (see [32] and [31]). These methods are largely ad hoc, and can be used to generate only some of
the well-known density functions such as Gaussian, Gamma, Beta, etc.

The other method for random variable generation is the rejection method. It is a more general method than the
transformation method. To use the rejection method, a comparison function h(z) that dominates g(z) everywhere
is required. A point (p = [z,y]) is generated uniformly in the two-dimensional region bounded by the comparison
function and the z-axis. For this purpose, H ' is needed where H(z) = [*_ h(t) dt. The point p will be accepted
or rejected based on the realization of a second uniform in [0,1] random variable (u) as follows: u is compared
to g(z)/h(z) and the point p is accepted if u < g(z)/h(z) and rejected otherwise. A problem with the rejection
method is that for some large-tail densities it is not possible to find a comparison function with an analytically
invertible distribution function (a necessary condition for the method) that is everywhere larger than the given
density. Therefore, it cannot be guaranteed that this method is capable of generating random variates from an
arbitrary density. More importantly, the acceptance rate is 1/A4, where A is the area under h(z). The acceptance
rate can be small (~ 0.01), thus making the random variate generation process unacceptably slow. Further, if the
functional form of the given density is not known and it is only characterized by a finite set of data points, then it
becomes a computationally extensive procedure and one has to resort to other techniques. One such technique would
be to form a kernel density estimate and generate the points from that estimate. This approach, however, is prone
to statistical error in the estimate of the density, which is of order N~2/5 for the Ly (RMS) error and therefore fairly
high.

Methods for approximate random variate generation include Metropolis—Hastings algorithms and Markov Chain
Monte Carlo (MCMCQ) algorithms (see for example [53], [20]). These algorithms focus on generating the density

rather than going through the inverse distribution function.

1.3.2 New Random Variate Generation Techniques

Our goal is to develop several new random variate generating techniques using multilayer networks. The methods we
propose can be used to generate points from a distribution given by a functional form or given by a set of data points
drawn from that distribution. The first method (for which we develop stochastic and deterministic versions) is based
on viewing random number generation as the inverse process of the density estimation (this inverse relationship
between density estimation and random variate generation has also been pointed out by [46], [39]). One of the
advantages of our method is that a density estimation step need not be performed. We also propose a method that
formulates the problem within a “control” framework. A cascade structure is proposed, that consists of a density
shaping network (acting as the “controller”), and a density estimation network (acting as the “plant”). For the

methods that we propose, the bulk of the time is spent in “learning” to generate the random variates. Once this



learning is done, the actual generation of these random numbers is fast and can thus be used for efficient Monte
Carlo simulations.

In the remainder of the paper we develop, and theoretically justify the new methods we propose: In section 2,
we develop the two new density estimation techniques in detail. In section 3, we present the convergence results of
the proposed density estimators. In section 4, we describe the new random number generating techniques followed
by their convergence properties in section 5. In section 6, we present the simulation results for both the density
estimation techniques and the random variate generation techniques. We conclude with a brief discussion in section

7. We present the proofs of the convergence theorems in the appendix.

2 New Density Estimation Techniques

In this section we describe the two new methods for density estimation. For both methods, one can use a standard
multilayer network, such as a one-hidden-layer network. We will use neural networks throughout for illustrative
purposes, but stress that any sufficiently general class of functions will do just as well. The network’s output will

represent an estimate of the distribution function, and its derivative will be an estimate of the density.

2.1 SLC (Stochastic Learning of the Cumulative)

Let z, € R, n =1,..., N be the given data points. Let the underlying density be g(z) and its distribution function
G(z) = [*__g(t)dt. We assume the density to be continuous and have continuous derivatives of all orders. Let the
neural network output be H(z,w), where w represents the set of weights of the network. Ideally, after training the
neural network, we would like to have H (z,w) = G(z). Learning requires a set of targets. To determine a target for
the network training, we make the following observation. The density of the variable y = G(z) (z being generated
according to g(z)) is uniform in [0, 1]. The reason is as follows. Let gy (y) represent the density of y. Using the well

known formula for transformation of random variables,

g(z) _ g(=
gy(y)=%=%(z))=1 for0<y<1, M
|ﬁ| |dz|

and gy (y) =0fory < 0ory > 1. We used the fact that g(z) = dG(z)/dz. Thus, if H(z,w) is to be as close as possible
to G(z), then the network output should have a density as close as possible to uniform in [0, 1] when fed an input that
is distributed according to g. This is what our goal will be. We will attempt to train the network such that its output
density is uniform. Having achieved this goal, the network mapping should represent the distribution function G(z).
A somewhat similar philosophy is used in [46] and [39], where they show that their entropy maximization method
implies transformation to a uniform density (and also implies the necessity to maximize the expected logarithm of
the determinant of the transformation Jacobian). We present here (and fully analyze) a different and more direct
method for obtaining a mapping to a uniform distribution than the methods proposed in [46], [39)].

The basic idea behind the proposed algorithm is to use the N data points drawn from the unknown density as
inputs to the network. For every training cycle we generate a different set of N network targets randomly from a
uniform distribution in [0, 1], and adjust the weights to map the data points (sorted in ascending order) to these
generated targets (also sorted in ascending order). Thus we are training the network to map the data to a uniform

distribution.



Before describing the steps of the algorithm, we note that the resulting network has to represent a mono-
tonically nondecreasing mapping, otherwise it will not represent a legitimate distribution function. Let M =
{w|0H (z,w)/0z > 0, VYz}. Then we wish to pick w € M, such that H(z,w) is as close as possible to G(z).
In practice, enforcing monotonicity could be done by using a class of “monotonic networks” [50], or else by using
hint penalty terms [1]. Hints are auxiliary information or constraints on the target function, that are known a priori
(independent of the training examples). By using hints in the form of penalty terms, we can guide the learning
process, and obtain a network that satisfies the hints. In our simulations, we used the latter approach of adding a

term that penalizes non-monotone mappings to the error function. The proposed algorithm is as follows.

1. Let 21,22, ...,zn be the points drawn from the unknown density. Without loss of generality assume the points

are sorted in ascending order: 21 < 2o < --- < zpn.
2. Set t = 1, where ¢ is the training cycle number. Initialize the weights randomly to w(1).

3. Generate randomly from a uniform distribution in [0, 1] another N points u},u), ..., uy. These are the network

targets for this cycle.

4. Sort the targets in ascending order, i.e. u; < us < ... < upny (where we have renamed the ordered targets u,,).

Then, the point u,, is the target output for z,,.

5. Adjust the network weights according to the backpropagation scheme: w(t+ 1) = w(t) — n(t)0€(w)/Ow, where

€ is the objective function that includes the error term and the monotonicity hint penalty term:

£w) = SN, [H(za,w) —un] + ALY 0 (s w) — Hlye + A,w)) [Hgs, w) ~ B+ A,0)] (2)

The second term is the monotonicity penalty term, A is a positive weighting constant, A is a small positive
number, ©(z) is the familiar unit step function, and the y;’s are any set of points where we wish to enforce

the monotonicity. Because the hint is known to be true, A can be chosen very large.
6. Set t =t + 1, and go to step 3 to perform another cycle until the error is small enough.
7. Upon convergence, the density estimate becomes §(z) = 0H (z,w)/dz

Note that as presented, the randomly generated targets are different for every cycle, which will have a smoothing
effect that will allow convergence to a truly uniform distribution. One other version, that we have implemented in
our simulation studies, is to generate new targets after every fixed number L of cycles, rather than every cycle. This
generally improves the speed of convergence as there is more “continuity” in the learning process. Also note that it
is preferable to choose the activation function for the output node to be in the range of 0 to 1, to ensure that the
estimate of the distribution function is in this range. A sample run of how SLC performs on 100 data points drawn
from a mixture of two Gaussians is shown in figure 4 of section 6.1.

SLC is only applicable to estimating univariate densities. The reason is that for the multivariate case, the
nonlinear mapping y = G(z) will not necessarily result in a uniformly distributed output y. Fortunately, many, if not
the majority of problems encountered in practice are univariate. This is because multivariate problems, with even
a modest number of dimensions, need a huge amount of data to obtain statistically accurate results. Our second

method, described next, is applicable to the multivariate case as well.



2.2 SIC (Smooth Interpolation of the Cumulative)

Again, we have a multilayer network, to which we input the point x, and the network outputs the estimate of the
distribution function. Let g(x) be the true density function, and let G(x) be the corresponding distribution function.

Let x = (2!, ...,2%)T. The distribution function is given by

G(x) = /::---/_ig(x)dml ozl (3)

A straightforward estimate of G(x) could be the fraction of data points falling in the area of integration:

N
A 1
G(x) = N;e)(x — ), @
where ©(x) = 1 if ' > 0 for all i = 1,...,d and zero otherwise. The statistical properties of the estimate (4) have

been widely studied ( [49], [24]). For the method we propose, we will use such an estimate for the target outputs of
the neural network.

The estimate given by (4) has a staircase-like shape if plotted against x, and thus is discontinuous. The neural
network method developed here provides a smooth, and hence more realistic estimate of the distribution function.
Further, the density can be obtained by differentiating the output of the network with respect to its inputs.

For the low-dimensional case, we can uniformly sample (4) using a grid, to obtain the examples for the network.
Beyond two or three dimensions, this is not feasible because of computational considerations. One idea is to sample
the input space randomly (using say a uniform distribution over the approximate range of x,,’s), and for every point
determine the network target according to (4). Another option is to use the data points themselves as examples.

The target for a point x,, would then be
A 1
G(xm) = Z O(xym — Xn)- (5)

This target is unbiased, i.e., E [é (xm)] = G(Xm). Another alternative would be to use E [G(x,,)]. This expected

value can be calculated only for the one dimensional case. This is because for the one dimensional case, the data

points can be naturally ordered. Let z,, be the mth order statistic of the data points. Then, one can show that

N
E[G(z)] = NLHZ@)(% — ) = (6)
n=1

Thus for one dimension, we can use the targets represented in (6), however for more than one dimension,s we resort
to (5).

For the one dimensional case, the algorithm is exactly as for SLC except for steps 3 and 4. Instead, the targets u;
are given by {u; = i/(N +1)}X,. Tt is easy to see how the algorithm generalizes to the multi-dimensional case. Once
again, we use monotonicity as a hint to guide the training. Once training is performed, and H (x,w) approximates

G(x), the density estimate can be obtained as

_ 0H (x,w)
~ Ogl.--0xd’

9(x) (7)



We note that for a few dimensions, a derivation of the derivatives in (7) will be straightforward. For larger dimensions
a numerical differentiation scheme such as the simple differencing method is more feasible. A sample run of how SIC

performs on the same 100 data points used to run SLC is shown in figure 5 in section 6.1.

3 Convergence of the Density Estimation Techniques

In this section we derive the convergence properties of the proposed density estimation techniques. Our goal is to
justify the methods introduced in the previous section by showing that convergence to the true density does occur.
Further, we analyze the rate of convergence and compare with various other estimators. Due to the technical nature
of such convergence issues, we will take this opportunity to summarize the essential details of the section.

First, we consider the stochastic method (SLC). The targets are uniform in [0,1]. The expected value of the
target u;, the it" order statistic of a uniform distribution, is i/(N + 1). Therefore we should expect the learned
function to be approximately performing the mapping z; — i/(IN + 1) where z; represents the *" element of the
ordered data set. But this is exactly the mapping we are trying to learn in SIC (smooth interpolation of G(z)). Thus
we expect SLC to converge to a solution that is also a solution of SIC. The formal statement and proof of this claim
are the contents of section 3.1. For the proof, we will need some results from recursive stochastic approximation
theory, which we review briefly in the appendix.

Having shown that SLC—SIC, we will restrict our analysis to SIC. First we define a set of functions which we
call generalized sample distribution functions. These functions are exactly that set of functions that approximately
interpolate the sample distribution function given by (6). We prove that this set of functions converges uniformly
to the true cumulative distribution function in the L; and Ly (RMS) sense. In fact, we will show that the rate
of convergence is O(N~'/2) for the L; and L, errors, and O(+/loglog(N)/N) for the Lo, error. Further, because
the neural network is an arbitrarily powerful class of functions, these generalized distribution functions can be
implemented, therefore the neural network implementations we have discussed in the previous section also converge.

How about the convergence to the true density? Some assumptions have to be made about the true density. It is
well known that the density estimation problem is an ill-posed problem®. Without any a priori assumptions on the
true density function, it will be hard to judge the suitability of an estimator. Even the trivial estimator consisting of
the summation of delta functions centered at the data points could be as valid as other estimators. In fact, [7] and
[21] show that no density estimator is consistent for certain types of error measure unless one makes some a priori
assumptions about the distribution function. Typical a priori assumptions used in the density estimation literature
are smoothness constraints on the class of considered densities. These are realistic assumptions that are usually
obeyed by densities that are typically encountered in real world applications. We will consider such constraints in
our analysis. We assume boundedness of the derivatives. We prove that when the true distribution function has

(K-1)/2K) which as K — oo is faster than

K bounded derivatives, the L, convergence rate is O((loglog(N)/N)
1/N(=€/2 e > 0. For comparison, any positive kernel estimate has an L, (RMS) convergence rate of N 2/ using
the optimal smoothing parameter, which is inaccessible in practice as it depends on some detailed properties of the
true density. We then show that neural networks can achieve these same rates on compact sets by using the universal

approximation results in [28], [29]. We will illustrate our convergence rate with simulations using neural networks.

1A more detailed discussion of ill-posed problems can be found in [60], [65]



3.1 Convergence of SLC to SIC

In this section we will analyze the stochastic method (SLC). Let D = {z1,%3,...,2n} be the data points sorted
in ascending order, and let wuy(t), ua(t),...,un(t) be the output targets for training cycle ¢, where the u;(t)’s are
generated from a uniform density and then sorted in an ascending order. Ignore for the time being the effect of the
hint penalty term in (2), as this term can only help convergence, and, if monotonicity is satisfied (as in the case
of convergence to the true density), then the hint term will equal zero. The convergence behavior is given in the

following theorem:

Theorem 3.1 Let the data x1 ...xzN be generated according to the true distribution G. Then, SLC converges with

probability 1 to a local minimum of the error function

provided that the learning rate n(t) is a decreasing sequence, that satisfies the following conditions
a. Y2 n(t) = oo,

b. > 7P (t) < o0, for somep > 1,

c. limy,oo sup[1/n(t) — 1/n(t — 1)] < oo.

PROOF: See theorem B.1 in appendix B.1. [ ]

We note that the conditions on 7(t) guarantee that the learning rate is decreasing in a way that will dampen
the random fluctuations around the minimum, but at the same time, not decreasing too fast to prevent reaching
the minimum. A possible choice could be 7(t) = n’/t?, where n' is a constant and 0 < p < 1. () = n'/log(t),
however, would not work. This theorem shows that SLC trains the network to map point z,, ton/(N+1) as t — oo.
By comparing with SIC, described in the previous section, we see that both methods possess similarities for the
univariate case. In fact, as t — oo, both methods are equivalent. Therefore, we will restrict the remaining analysis
to SIC — smooth interpolation of the sample cumulative G(z). We will first look at the convergence to the true

distribution function and then the convergence to the density.

3.2 Convergence to the True Distribution Function

SIC gives an estimate of the distribution function, from which we get the density by differentiation. The distribution
function is useful in its own right, so we will first look at the consistency and convergence rate of SIC as an estimator
of the distribution function in the limit of large N.

Two well studied statistics of the sample distribution function are the Kolmogorov-Smirnov statistic (Dy) and

the Cramér—von Mises statistic (Cn), defined as follows

Dy = sup|Gn(z) - G(z)| (9)

v o= [ " (G (@) - G2))?dG (=) (10)

where G is the sample distribution function given in (4). The following theorems are valid [49, pg 61-64]

10



Theorem 3.2 With probability 1

N 1
li Dyvyf g = o 11
oot VA 2loglog(N) " 2 )

PROOF: See [17]. [

Theorem 3.3 With probability 1 N )
li CNe——— = — 12
N N2loglog(N) ~ (12)

PROOF: See [24]. |
It is not hard to extend these theorems to apply to the generalized sample distribution functions which we define
shortly. These theorems give the probability 1 convergence behavior. We will look at E [Cn][,, the expected per-
formance in the Ly error criterion (RMS). The expectations are with respect to the data set. Let us introduce the

following definition.

Let G be the space of functions such that for every X € G, the following holds
e X:R —[0,1]
e X(t) is continuously differentiable and X'(t) > 0.
e X(—00) =0 and X(oc0) =1.

Thus, G is the space of (monotonic) distribution functions on the real line that possess continuous density functions,

which is the class of functions that we will be interested in. We define a metric, the L, X-norm of f, as follows

o 1/p
171, = ([ I10Pax () (13
—o0
| f I% , is the expectation of |f|? with respect to the distribution X € G. The Lo, X-norm is defined by | f|x ,, =
SUDP, ¢ supp(x) | f(2)|- Let the data set (D) be {z1 < 22 <... <z}, and corresponding to each z;, let y; = /(N + 1).
As mentioned in the previous section, SIC attempts to map the order statistics z; to ¢/(IN + 1). In general this
is possible given a large enough neural network. However, we will allow the mapping to be approximate because
under some smoothness assumptions on the true distribution, a smoother fit would warrant a small sacrifice in the

fit accuracy. With this in mind, we define the set of approximate sample distribution functions as follows

Definition 3.4 A v-approzimate generalized sample distribution function, H, satisfies the following two conditions
e He g

o |H(z;) - Nil‘ < (V) lEloE @)

Where v(N) is some function of N. We will denote the set of all v-approzimate sample distribution functions for a
data set, D, and a given v(N) by Hp, .

The set HY, contains those continuously differentiable distribution functions that approximately interpolate the data
set {(zi,v:)}Y ;. For v(N) = 0 we have a generalized sample distribution function which is a smooth generalization
of the conventional sample distribution function. Note that the conventional distribution function estimator (4) is

not in this class of generalized sample distribution functions, but it is the limit of functions that are in this class.
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Figure 1: Interpolation error when interpolating the distribution function.

Let us now derive the estimation error for the distribution function estimator. Let H € %BN, and let G € G
be the true distribution function. As we mentioned, H approximates the distribution function by approximate
interpolation. Write H(x;) = y; — s, where |n;| < v(N )\/W . The true distribution function evaluated
at z; is generally not equal to y; due to statistical error. Therefore we will write G(x;) = y; + €;. There are two
sources of estimation error (see figure 1): The error at each data point, €; + 7;, and the interpolation error between
the data points — an error that would persist even if the €; + n;’s were all zero. As a first step, let us analyze the
statistics of the ¢;’s. It is well known that the random variable G(z), x being generated according to g(z), has a
uniform distribution in [0,1] (see (1) in section 2.1). Therefore, u; = G(z;) is the i*" order statistic of the uniform
distribution, which is distributed according to the well known Beta distribution. The joint density of (u;, u;) can be
obtained as (see [10, pg 200])

N!

9(uis %) = PG T = DIV = j)!uzi‘l(l —u)V I (uy — )T > (14)

Noticing that ¢; = u; — /(N + 1), we can calculate the first two moments of the ¢;’s as

(N +1-3j)

Ele]=0  Eleej) = (N + 1)2(N +1)

(15)
The following theorem provides a bound for the estimation error, which will prove consistency of the distribution

estimator.

Theorem 3.5 (L convergence to the true distribution) Let the data set D, consist of N data points, z;

drawn i.i.d. from the (true) distribution G € G. For every H € HY,  and every F' € G, the inequality

Bl -Gik], =E|[ @@ -6@)? ar@] <o) (16)
N —oo D,
holds, where
_ 1 >loglog N 3 2v(N) [loglog N
QM =25y "W =y tamwrE T vV o ] (17)

PROOF: See theorem B.2 in appendix B.1.

Note 1: We stress that the theorem applies to any H € H},  and any F € G, in particular to F(z) = G(z), the

true distribution function. Thus the expected mean integrated squared error approaches zero asymptotically

12



at a rate Qa(NV).
Note 2: The same proof can be modified for the case of the integrated squared error over some bounded interval.

Note 3: Without much extra effort, this result can be extended to a larger class H7, * of interpolators where the
monotonicity condition is replaced by the less restrictive condition H € H}, * if z € [z5,2:41] = H(x) €
[H(z;), H(zi+1)], with no other constraints being made on continuity or the existence of derivatives. Note that

the conventional distribution function (4) belongs to this extended class HY, *.

Note 4: If v(N) < 1/+/loglog N, convergence to the true distribution function with respect to the Lo (RMS) error
is obtained at a rate O(N~1/2).

In the appendix, we also give the L; and Lo, rates, which are O(N~'/2) and O(+/loglog N/N) respectively (theorems
B.3 and B.4).

3.3 Convergence to the True Density Function

The density estimate is the derivative of the distribution function estimate and thus we need to consider |H' — G'|.
Obtaining a tight convergence rate for the density estimation error is a tougher job. The reason is that the derivative
operation accentuates the noise. In the next theorem, we present a bound on the estimation error for the density
estimate obtained by using SIC. Its essential content is that if the true distribution function has bounded derivatives to
order K, then by picking the approximate distribution function with “minimum” value for Bk, where By is a bound
on the magnitude of the K** derivative, we obtain convergence in probability at a rate O((loglog(N)/N)(K—1)/2K)

in the Lo, norm. Our main theorem is as follows.

Theorem 3.6 (L., Convergence in probability to the true density) Let N data points, z; be drawn i.i.d.
from the distribution G € G. Let supw‘G(i)| = A; fori = 0...K, where K > 2. Let v(N) > 2 and fix
e > 0. Let B (D) = ianEH"DN sup,, |H(K)‘. Let H € MY, be a v-approzimate distribution function with
Bk = sup, ‘H(K)‘ < BY¥% + € (by the definition of B%, such a v-approzimate distribution function must exist).

Then, the inequality

sup |H'(z) — G'(z)] < F(N) (18)
where X
_ 1 2loglog(NN) 3 2 b
F(N) =2E-D(24, + )% |(1+ v(N)) ( gNg ) Vi (19)
holds with probability 1, as N — oo. By this is meant
Jim_ P sup £'(a) — 6'(a)] < 7| =1 (20)

PROOF: See theorem B.10 in appendix B.1.

Note 5: This theorem holds for any € > 0 and any v(N) > 2 and to any H satisfying the conditions of the theorem.
Therefore we see that for smooth density functions, with bounded higher derivatives, the convergence rate
approaches O((loglog(N)/N)/?).

Note 6: No smoothing parameter needs to be determined unlike the other traditional techniques. The regularization

is accomplished by minimizing the norm of the K th gerivative.
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Note 7: The convergence rate is very close to the rate proven to be optimal under similar smoothness assumptions
(see [23], [55], [56]).

Note 8: From the theorem, it is clear that one should try to find a generalized v-approximate distribution function
with the smallest possible derivatives. Specifically, of all the sample distribution functions, pick the one that
“minimizes” By, the bound on the K** derivative. Thus, when using optimization techniques to find the
generalized distribution function, one would be justified in introducing penalty terms, penalizing the magnitudes

of the derivatives (for example Tikhonov type regularizers [60]).

Note 9: For compact support, choosing F'(z) to be the uniform measure on that support, one obtains a result for

the integrated squared measure.

Note 10: Consistent density estimation involves solving a constrained optimization problem in order to guarantee
convergence at the prescribed rate. The objective function would be the bound on the K th derivative and the
constraints are that you fit the density sufficiently closely. The constraints can be enforced softly by penalizing
any violation of the constraints. Practically speaking, it is often more convenient to approximately impose
the smoothness constraints (for example by starting at small weights or using weight decay [12], [4]) while

attempting to fit the distribution function. Our simulations (see section 6) indicate that this works quite well.

3.4 Implementation by Neural Networks

In the previous section, we have proved the Lo convergence to the distribution and the L., convergence to the
density. Any functions satisfying the conditions of the theorems will converge at the given rates. In particular, if
neural networks can be found that satisfy the required conditions, then these convergence rates will also apply to
implementations with neural networks. The goal here is to show that one can find neural networks that satisfy the
required conditions. In fact, letting the size of the neural networks increase at a rate O(N log N) would suffice.

In order to show that neural networks can be chosen to satisfy the conditions of the theorems, it suffices to show
that neural networks are dense in a certain sense in the space Hy, . In other words, let a sequence of functions
Hy € H},, be given where the N indexes the number of data points. Suppose that Hy satisfies the conditions of
theorem 3.5 or 3.6 (whichever we are interested in). Then we know that the error for Hy’s converges to zero. If we

show that there is also a sequence of neural networks g such that the following conditions hold simultaneously:
1. supylgn(z) — Hy(z)| < O(1/N)
2. lgy — Hy| < O(1/N)

then the error for the gn’s converges to zero at the same rate as the Hy’s. To show the existence of such a sequence
of neural networks, it suffices to show that given an arbitrary degree of accuracy e, there is a sequence of gn’s that
approximate the Hy’s to within € and simultaneously the g/’s also approximate the Hj;’s to within e. To this end,
we will use the approximation theorems proved in [28], [29]. First we set up the notation to state the theorem,
following very closely the setup in [28], [29].

Define the class of neural networks we are interested in as the functions defined by the set

Ny
%(®) = {g :R — Rlg(z) = Zviq)(wiw +b;), Ng e N wv;,w;,b; € R} (21)
i=1
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where ® is conventionally called the activation function. We make some assumptions on ¢. Though some of these

assumptions could be dropped (see [28], [29]), there is negligible practical gain in maintaining more generality.
1. & € C* is a symmetric sigmoidal non-linearity with exponentially decaying derivatives of all orders.
2. [7 |89 (z)|dz < oo for alli =1...m. i.e., ® € ST(R) where S™(U) is a Sobolev space? in the L, metric on
the open set U for functions in C™.

We make one further restriction which is once again of no practical consequence. We suppose that we are interested
in approximating the distribution on some arbitrary compact set K. Let U be an open bounded set containing K.

Then, the restriction of H},  to U is a subset of S}. The following theorem is valid.

Theorem 3.7 (Universal Approximation) Let K C R be a compact set. Let f € S;*(U) where K C U and let
® € ST"(R). Given € > 0, there g € X(®) such that simultaneously for alli =0...m

sup |f@(z) — g (2)| < e (22)
zeK
PROOF: See Hornik et al. [28], theorem 3.1 and corollary 3.5. |

This is a very powerful theorem. It states that neural networks can simultaneously approximate a function and
its derivatives provided that certain conditions are met. The ability to approximate a function and its derivatives
up to order m is termed m-uniform denseness in [28]. Thus theorem 3.7 can be summarized by saying that neural

networks are m-uniformly dense® in S7*(U).
Corollary 3.8 X(®) is 1-uniformly dense in HY,  restricted to U.

Proor: Since & and HY, restricted to U satisfy the conditions of theorem 3.7, the corollary is immediate. [ |

The following theorem is now immediate.
Theorem 3.9 (Consistent distribution and density estimation using neural networks)

1. Consistent distribution estimation with an Ly error rate O(N—/2) can be obtained on any given compact set

K using neural networks.

2. Consistent density estimation with an Lo, error rate O((loglog N/N)E-1)/2K)

can be obtained on any given
compact set K using neural networks, where we assume the true distribution has bounded derivatives up to

order K.

ProoF: Let Hy be a sequence that has the desired convergence for the distribution (theorem 3.5) or density
(theorem 3.6). Then there exists a sequence of neural networks that simultaneously approximates Hy and Hj; with
a maximum error less than 1/N (corollary 3.8). Thus the added approximation error between Hy and gn does not
affect the order of convergence. [ ]

Further, by the results given in [29], corollary 2.5, we see that in order to guarantee that a neural network will
be able to approximate to within O(1/N), the number of hidden units, Nz, must be O(N log N). Thus we see that
by increasing the size of the neural network at a rate O(N log N), one can obtain consistent distribution/density
estimation using neural networks on any given compact set. As a practical note, the theoretical results justify SIC and
provide definite guidelines as to how to choose the size of the network as a function of N to guarantee convergence.

In practice, one knows a lot more about the distribution and usually a small number of hidden units will suffice.

2for more details on Sobolev spaces, see [3]
3see [28] for the precise definition.
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Figure 2: Training a network to implement G~!(z). The first network learns G(z) using SLC or SIC. This is done
using the data available. Now, for an arbitrary set of inputs, we take Network 1’s outputs as the inputs to Network 2
and the target are the inputs that went into Network 1. Thus we train Network 2 to implement the inverse of
Network 1 which should be G1.

4 New Random Variate Generation Techniques

4.1 Learning the Inverse Distribution Function from a Finite Sample (SLCI and SICI)

Suppose that we wish to generate random variates from a specified univariate density g(z). It could also be that g(z)
is represented only by a number of data points drawn from it, rather than a functional form. Typical approaches to
such a problem would estimate the density from the given data, and apply some of the well-known methods such as
the transformation method or the rejection method (which would be computationally extensive, since a pass through
all the given data points has to be performed for each evaluation of the density).

We propose a method using multilayer networks, that is inspired by the transformation method. But, unlike the
transformation method, we do not assume that G~1(z) is known analytically. The network learns to implement the
function G~*(z). The basic structure of the method is illustrated in figure 2. It consists of two cascaded multilayer
networks. The first network is trained to estimate the distribution function G(z) from the data using one of the
techniques described in the previous sections (SLC or SIC). Once the first network is trained, the density of its
output is uniform in [0, 1] as discussed in sections 2.1 and 2.2. Then, we train the second network to invert the
mapping produced by the first network. This inversion can be accomplished to an arbitrary precision by using as
large a network and as many data points as we want. Learning the inverse proceeds as follows. Let Hj(z,w) and
Hy(z,v) be the functions implemented by Network 1 and Network 2 respectively. Let {z;} be an arbitrary set of
inputs. Then, the input/output examples for Network 2 will be {H;(z;,w),z;}. Once the entire training process is
complete, random variate generation according to g(z) is a done by passing y, a uniform deviate in [0, 1], through
Network 2, i.e., Ha(y,v) ~ g(z). To see why this is so, observe that for the cascade structure of the two networks in
figure 2, the density of the output z is equal to density of the input z because Network 2 is the inverse of Network 1.
Since the density of the output y of Network 1 is uniform, inputing a uniform deviate (y) into Network 2 should
produce a variable (2) having a density equal to that of z. More formally, assume that Network 1 was implementing
G(z). Then, Network 2 is implementing G~!(z). Therefore, z = G~1(y) where y has a uniform distribution. Using

the formula for transformations of random variables, the density gz of the output z is evaluated as

97(2) = or /e (23)

This method applies only for the one-dimensional case because the mapping G(z) transforms z into a uniform density

only for the univariate case. A second method based on a control formulation of the problem, described later, is
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more general and applies to the multi-dimensional case as well.

Similar concepts to those discussed above have been used independently in the methods proposed in [46], [39].
A drawback of this approach is that it is wasteful to first learn G(z),and then invert it, thus, we propose here two
new methods that are based on directly learning G~!(z). These two methods are inspired by the density estimation
techniques that we have developed in the previous sections. They are variants of the method described above in
that they build upon the idea that a network mapping a uniform distribution to the true distribution must be
implementing G~!(z). The two methods described below can be applied either when the true distribution function

G(z) is given or when a finite data set drawn from G(z) is given.

4.1.1 SLCI (Stochastic Learning of the Cumulative Inverse)

This technique is very similar to the stochastic method for estimating G(z) and can be viewed as the inverse of SLC.
Once again, G~! is a monotonic function so a monotonicity hint should be used here as well. The algorithm is as

follows.
1. Sort the data points 1 < zs < --- < zpn.
2. Set t =1 and initialize the weights of the network to w(1).
3. Generate N numbers ({u;}Y,) from a uniform density in [0, 1] and sort them so that u; < us <--- < up.

4. Train the network to map input u, to output target z, exactly as in steps 5 and 6 of SLC. Every cycle or

every L cycles, generate new u,,’s.
5. After training is complete, input to the network a uniformly generated number. The output is (approximately)
distributed according to G(z).
4.1.2 SICI (Smooth Interpolation of the Cumulative Inverse)

This approach is analogous to the smooth interpolation approach for estimating the density (SIC). It is identical to
SLCI, except that the input examples are i/(IN + 1) (corresponding to output example z;), instead of the uniform

deviates. The algorithm is as follows.
1. Sort the data points 1 < x5 < --- < zn.
2. Set t =1 and initialize the weights of the network to w(1).
3. Let uj=4/(N+1)fori=1...N.
4. Train the network to map input u, to output target z,, as in steps 5 and 6 of SLC.

5. After training is complete, input to the network a uniformly generated number. The output is (approximately)
distributed according to G(z).

Another version of these methods that we have implemented is to determine the input/output examples by gridding
the space [21,zx] into M points {z}X,. One then computes u; = G(z;) = 1/(N + 1) Efj:l O(z; — z,,). The
input/output examples are then {u;,2;}M,. The advantage of this version is that when only a small number of

sample points z; are available, one can generate many more examples that help to learn G~1.
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The two methods presented above are applicable to generating random variates given a sample of points. It is
often the case that one has a functional form for the density from which one wishes to generate. The next method

uses a neural network to learn G~1 directly.

4.2 Learning the Inverse Distribution Function given the Density

Suppose that one is given the functional form g(z) for the density. The data for training the neural network are
generated as follows. The z—space is gridded into (say) M points, {y;}¥,. Assume that the y; have been ordered
(we label the z-space points by y; as they will be used as targets for the learning). The input examples to the network
are given by z; = G(y;), i.e., one computes z; = [* g(t)dt numerically, where g(t) is given. As the y;’s form an
increasing sequence, we do not have to perform M numerical integrations. A single numerical integration from —oo
to oo will suffice if one outputs the value of the integral each time a y; is crossed. One now trains a neural network
using (say) the squared error criterion to implement the mapping z; — y;. Known facts about G~ should be used
in this training, such as monotonicity. The resulting neural network now implements an estimate of G~!. Random
variates are obtained by passing a uniform deviate through the resulting network.

The universal approximation theorems in section 3.4 guarantee that by choosing M large enough and a large

enough neural network, one can generate random variates possessing a density arbitrarily close to g(z).

4.3 Control Formulation of Random Variate Generation

Adjust Parameters
Error

Density Distribution
X — = Shaping ha
Neurd Network Y Estimator Z(y)

/

Given Density
G(y)

Figure 3: Control formulation for random variate generation. The first network shapes the density of z. The
transformed density is estimated, and then compared with the true density. The parameters of the first network are
altered until the transformed density matches the required density.

The main contribution of this section is a novel formulation of the random number generation problem as a control
problem. Figure 3 illustrates the basic idea. The structure consists of two cascaded units. A random variable z is
generated according to any standard density function, for example Gaussian or uniform. In principle, an unlimited
number of 2’s can be generated. This random variable is the input to the composite structure. The first network acts
as a nonlinear transformation whose goal is to shape the density of z into the target density. Let the distribution
function of the transformed variable be Z(y), where y is the transformed variable. The second unit serves to estimate
this distribution function, for example SLC or SIC (sections 2.1 and 2.2) or a kernel estimator could be used. The

output of the second unit, is an estimate of the distribution function Z(y) of Network 1’s output. An error signal,
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E(G(y), Z(y)) * is generated where G(y) is the target distribution function. This error signal is backpropagated
through the networks and is used to adjust the weights of Network 1 so as to minimize £(G(y), Z(y)). Such a
training process would change Network 1’s mapping in such a way that would shape the distribution function of y to
get it as close as possible to the desired distribution function. Once training is complete, we can generate numbers
(approximately) according to the density G(z), by generating = according to the standard density, and then passing
it through Network 1.

The analogy with the control problem is as follows. The second unit represents the “plant,” and Network 1 is the
“controller.” The controller is trained, such that the plant produces the desired output. This technique has a similar
form to a neural network control structure (see [42]) where, typically, a neural network is trained to identify the
plant (estimate the plant output), analogous in our set up to the density estimation unit. Then, a neural network
controller is trained to control the plant —i.e., the identification network estimates the plant output and the controller

network is altered until this output is as desired. The details of the algorithm are as follows:
I: Initialization:

1. Let the desired density be g(y) and the corresponding distribution function G(y). Generate N samples
x1,---,xy € R? according to any standard density such as a Gaussian density. The larger N is, the more

accurate the final result will be.

2. Let Hy(x,w) and Ha(y,v) be the functions implemented by Network 1 and Network 2 respectively (we have
assumed that the density estimator is a neural network such as those developed in the previous sections).

Network 1 has d outputs, and Network 2 has one output. Initialize the weights (w and v) of the networks.
3. Calculate Network 1’s output: y,(w) = Hi(xn,w), n=1,---,N.

4. Train Network 2 using SLC or SIC in order to estimate the distribution of the y,’s. Thus, Hs(y,v(w)) is
implementing the distribution function of y. Note that Hs implicitly depends on w.

II: Training Iterations:

5. Compute the error function £(Hs(v(w)),G) = ZTA:IZI[Hg (Zn, v(w)) — G(21,)]?, where {z,}M | be any set of M

points. One could even choose z,, to be y,,, however, choosing z,, to be on a finer grid usually works better.

6. Adjust the weights (w) of the first network in the direction of the negative gradient: w(t+1) = w(t) —nd€ /dw

For the case of the squared error above, we have,

M
g—i = an::l [Hz(zn,v(w)) - G(zn)] W o

For clarity, we restrict the remainder of the algorithm to the case where the set {z,} is the same as the set
{y»}. Leave v(w) fixed for a certain number (L) of training cycles. Then, the change in £, as w changes can

be computed by the chain rule. We get

o€
Owi

N
= 2) [Malymr) - Gly)| T (29)

n=1

4The error signal could also penalize deviations of G’ from Z’ thus ensuring that one learns the density.
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N
= 2} [Ha(yn,0) = Gyn)| V. Ha(yn,0) -

n=1

a151’1 (Xn, ’LU)

B, (26)

The weights in the first network can now be updated using a backpropagation-type scheme [27, pg 115], where
one backpropagates the 8’s first through Network 2, then through Network 1 and one only adjusts the weights
of Network 1.

7. After L cycles of weight update for Network 1 in step 6, train Network 2 for a few cycles on the new y. s, to
allow it to track the small change in the distribution of y. Thus we now change v which was kept constant in

step 6.

8. Go to step 6 to perform another iteration of training, and continue doing so until the error becomes small

enough.

9. After training is complete, the random numbers can be generated by generating x according to the standard
density that was initially used (e.g. Gaussian), and computing y = H(x,w*) (where w* represents the final

weights after the entire learning process). Now, y should be the (approximately) distributed according to g(y).

Note 1: This algorithm is not restricted to the case of scalar random variable, and so it can be used to generate

multi-dimensional variables.

Note 2: Although, for illustration, we used the squared error function (step 6), the algorithm can be used with
other error functions such as the cross entropy error function (Kullback-Liebler distance). In addition, the
error function need not only penalize differences in the distributions, but could also penalize differences in the
derivatives of the distributions, ensuring that the correct density and higher order smoothness characteristics

are learned.

Note 3: For clarity, in step six we considered the case where the z,’s were the same as the y,’s, and we did not
update the second network weights for some fixed number of iterations. The general case is treated in appendix
A. The exact update rule is given by (24) and is computed for two cases: the case where the density estimator
(H2) is a neural network trained according to SIC (see section A.l in the appendix), and the case where the
density estimator is a Gaussian kernel estimate (see section A.2 in the appendix). The general case as described

in appendix A generally produces better results.

Note 4: To generate from a density represented only by a set of data points, we use the same method above but
replace G by an estimate of G using the data points. This estimate can be obtained using one of the methods

described in sections 2.1 and 2.2.

Note 5: The entire learning process can be an involved process. However, once the learning has been done, the

generation of the random variates is fast since it only involves the evaluation of a multilayer network function.

5 Convergence of the Random Variate Generation Techniques

In this section we discuss the random variate generation methods, showing that they will indeed be generating from a

distribution arbitrarily close to the true distribution in the large N limit. We present the theorems in the appendix,
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and refer to [36] for the proofs. The random number generation techniques (SLCI and SICI) are essentially techniques
for estimating G~'. We restrict the analysis to the case where G is continuous on [0, 1].

Theorem B.13 in appendix B.2 shows that SLCI and SIC produces solutions that are solutions to the same local
minimization problem, in the large data limit, hence we restrict our discussion to SIC. We will make the simplifying
assumption that G~1(u) is continuously differentiable on the compact interval [0, 1]. Therefore the input support
is compact and, further, we have that |dG~'(u)/du| is bounded. Let the bound on the derivative be S. Then, the
input distribution is bounded in a range of size 25. Let u; = i/(N + 1) and let H~1(u) be the a generalized inverse

distribution function that approximately interpolates the points {u;, z;}. i.e.,

loglog N

H_l(u,-):w,-—m |F6,|S1/(N) N

(27)
We would like to analyze the rate of convergence of the integrated squared error £ = E [ fol (H Y(u) — G 1(u))? d,u(u)]
where p is any continuous measure on [0,1]. Write G~!(u;) = z; + &;. Then theorem B.14 in appendix B.2 shows
that these generalized inverse distribution functions converge to the true inverse distribution function and that a
convergence rate of O(N ~1/2) can be obtained in the Lo sense.

We now look at the convergence to the density. We impose one additional restriction, that on the compact
support of interest, g(z) = G (x) > § (in other words, the true density is bounded away from zero). Further, we
already assume that G < A; for i = 1... K. Then, theorem B.15 in appendix B.2 gives that the resulting density
obtained from these inverse distribution functions converges to the true density, with an L, error rate approaching
O(\/W ) for smooth densities. Further, since neural networks can arbitrarily closely approximate these
functions (see section 3.4), we conclude that neural networks can give these convergence rates.

These results are not only relevant to generating given a finite amount of data, but also to the control formulation,

where one can learn by generating an arbitrarily large amount of data to learn from.

6 Simulation Results

6.1 Density Estimation Techniques

To test the proposed density estimation techniques, we considered the following mixture-of-Gausians density:

(m)_i 1 leso? +l 1 ee? (28)
g © 10 /187 10 /1627

We generated 100 i.1.d. data points from this density, and have used these data points to design the density estimators
according to SLC and SIC (sections 2.1 and 2.2). The results of SLC and SIC are shown in figures 4 and 5 respectively.
One can see that even with 100 data points, the density estimates are quite reasonable.

To compare the proposed methods with the kernel estimation method, we implemented the three methods (SLC,
SIC, and the kernel estimation method) on two samples, of sizes 100 and 200 respectively, drawn from the above
density (28). The optimal kernel width A has been calculated according to the formula h =~ 5.12/n'/ [51, pg 40].
Since this is not possible in practice, the results of the kernel estimation method tend to be optimistic. The results are
shown in figure 6. As can be seen, the kernel estimator displays bumpy behavior, even with the optimal choice of the
kernel width. The neural network implementations, on the other hand, are relatively smooth. More quantitatively,

for 200 data points, the L; and Ly errors for SIC were 0.141 and 0.0229 respectively, and for the kernel estimate,
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Method 1: Learning after 100000 iterations with 3 Hidden Units . . X
Method 1: Density Estimate After 100000 lterations
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Figure 4: Stochastic learning of the distribution function (SLC). The cumulative estimate with 100 data points is
shown in (a) along with the sample and true distribution functions. The lower curve is the neural network estimate,
the upper curve is the true distribution function and the stair-case like curve is the sample distribution function.
The density estimate is shown in (b).

Method 2: Learning The Cumulative 3 Hidden Units
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Figure 5: Smooth interpolation of the distribution function (SIC). The cumulative estimate is shown in (a) along
with the sample and true distribution functions. The lower curve is the neural network estimate, the upper curve is
the true distribution function and the stair-case like curve is the sample distribution function. The density estimate
is shown in (b).
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Comparison of SLC, SIC and Parzen Windows with 100 Data Points Comparison of SIC and Parzen Windows with 200 Data Points
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Figure 6: Comparison of the optimal kernel estimate, with the neural network estimators. Plotted are the true density
and the estimates (SLC, SIC, Kernel): (a) Density estimation with 100 data points and (b) Density estimation with
200 data points.

they were 0.152 and 0.0233 respectively. Of course, performance on a single test case might not be conclusive, but
backed by the theoretical results of section 3 they are certainly compelling.

The details of the neural network implementation for both the SLC and SIC method are as follows. We used a 1
hidden layer network with 3 hidden units. The activation function of the hidden units is tanh, and that of the output
unit is erf 5. We trained the network for 10000 iterations using the conjugate gradient algorithm. We enforced the
monotonicity hint by a penalty term with weight 10000. As we mentioned in the derivation of the convergence rates,
we wish to pick the “smoothest” interpolator. We softly enforced this by starting the learning with small weights
[5].

We also implemented the proposed approaches on a real-world example, namely estimating the density of stock
price changes (in the log space, i.e. log(S:1+1/S:)). Theoretical studies suggest that the logarithm of a stock price
follows a Brownian motion [69], and hence the log price difference is Gaussian. However, practical observation has
shown that stock prices appear to have densities with fatter-than-Gaussian tails. The accurate measurement of the
density of stock price changes is very important, since it can significantly impact the pricing of stock derivative
instruments such as options. We implemented our proposed methods on such a problem, by applying them to three
representative Dow-component stocks (IBM, GE, and JP Morgan). Figure 7 shows the estimated densities for the
SIC method along with the true histograms and the Gaussian with the same mean and variance. Notice how the

true distribution significantly deviates from Gaussian, displaying the well-established fat-tail behavior.

+2

Serflz) = \/% f_moo e~ 2 dt.
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Tail Behavior of the Density Estimate for IBM log Stock Price Changes Tail Behavior of the Density Estimate for IBM log Stock Price Changes
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Figure 7: Density estimates for the log stock price changes of a number of U.S. stocks. Shown are the density
estimates of the changes in log stock price for IBM, JP Morgan (JPM) and General Electric (GE) using SIC. For
each company, about 1530 data points were available. Also shown for comparison are the histogram of the data and
a Gaussian with the same mean and variance as the data . The estimated distribution is significantly non-Gaussian.
We magnify the tail behavior in (b), (d) and (f). Notice that the true density has a considerably fatter tail.
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Figure 8: Using SICI for random variate generation from the density in (28). In (a) is shown the learned cumulative
compared to the true cumulative, and in (b) is shown the density resulting from the random variate generation

compared to the desired density.
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Figure 9: Using a Gaussian kernel technique for random variate generation from the density in (28). In (a) is shown
the learned cumulative compared to the true cumulative, and in (b) is shown the density resulting from the random

variate generation compared to the desired density.
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Figure 10: Learning G~ for random variate generation from the density in (28) as described in section 4.2. In (a)
is shown the learned cumulative compared to the true cumulative, and in (b) is shown the density resulting from the
random variate generation compared to the desired density.
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Figure 11: Control formulation for random variate generation from the density in (28). In (a) is shown the learned
cumulative compared to the true cumulative, and in (b) is shown the density resulting from the random variate

generation compared to the desired density.

26

50



Convergence of the Density Estimation Error

___ Observed Convergence, SIC
_ _ Best1/NFit
Observed Convergence, Kernel

_ _ Best UN*®Fit

10°F

Expected Squared Error

Kernel

10°F

10 10 10

Figure 12: Convergence of the density estimation error to zero. Plotted are the estimation errors versus N on a
Log-Log scale. For comparison, also shown are the best N~—' fit (for SIC) and the best N~%/% fit for the kernel
estimate. Note that the figure plots the mean square error.

6.2 Random Variate Generation Techniques
6.2.1 Learning the Inverse Distribution Function

We generated 5000 data points according to the mixture-of-Gaussians density given by equation (28). Using these
data points, we implemented SICI (section 4.1) in order to generate data according to the specified density. We used
a single hidden layer network with 50 tanh hidden nodes, and a linear output node. In order to create singularities
at the end points y = 0 and y = 1, we added a tangent function to the output. We enforced the monotonicity of
the mapping by using a hint penalty term with a hint weight of 10000. The training algorithm we used was 10000
iterations of a conjugate gradient descent algorithm on the squared error, and the data for learning was generated
as follows: the xz—space was gridded into 10000 points and these grid points y; served as the outputs. The inputs
were computed as z; = G(y;) as described in section 4.1.2. To test how well G~ was learned, we generated two
million points from a uniform distribution and passed them through the network. The output of the network should
then be (approximately) distributed according to the density in (28). Figure 8 shows the sample distribution and
histogram of these two million network outputs as compared to the desired distribution and density. For comparison,
figure 9 shows the resulting distribution and density that were obtained by first forming a kernel estimate using the
optimal kernel width given by h =~ 5.12/5000%/® [51, pg 40] and then generating according to this kernel estimate.
In practice, the optimal kernel width is not available, but even using the optimal kernel width, we see that SICI
appears to outperform the kernel method. Once again, we note that performance on a single test case might not be
conclusive, but the theoretical results of section 5 provide additional support for SICI.

We also implemented the method described in section 4.2 for learning the inverse distribution function given the
functional form in equation (28). The data was generated as follows. 5000 uniformly spaced points on the interval
(—50,50) served as the target outputs y; (outside the range (-50,50) the density in (28) is essentially zero). The

inputs are given by z; = G(y;) which are obtained by numerical integration as described in section 4.2. Once again,
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to test how well G~! was learned, we generated two million points from a uniform distribution and passed them
through the network. Figure 10 shows the sample distribution and histogram of these two million network outputs.
The results indicate that the network learned G~! almost perfectly. In addition, the resulting density of the network
output matched the true density extremely well. This implies that dG ! /dz has also been learned well, which might
come as a surprise as this derivative was not incorporated as part of the error function. The fact that the neural
network could implement the distribution inverse and its derivative simultaneously are consequences of theorems
B.14 and B.15 and corollary 3.8.

6.2.2 Control Formulation for Random Variate Generation

We implemented the control formulation method described in section 4.3 to generate data according to the mixture-
of-Gaussians density in equation (28). We used the kernel estimator as the density estimation network H, and a
single hidden layer network with 50 tanh hidden nodes and a linear output node as the density shaping network Hj.
To create singularities at the end points y = 0 and y = 1, we added a tangent function to the output. Training was
performed with 4000 data points using the algorithm proposed in section 4.3. The inputs to the first network were
generated according to a uniform distribution. To test how well the control method performed, two million random
variates were generated and their distribution was compared to the true distribution. Figure 11 shows the results.
The results indicate that the generated points obey the target density fairly accurately. The difference between the
true and generated densities can be made even smaller by using more training data (increasing M and N). In fact,
by increasing the number of training data one can get arbitrarily close to the true distribution. This is a consequence
of the theoretical results in section 5. Again, constraints on G~! such as monotonicity could be used to improve the

learning.

6.2.3 Convergence of Density Estimation

To investigate the convergence of the error for our the density estimator, we have performed a Monte Carlo experiment
to measure the Lo (RMS) estimation error as a function of the number of data points N. We used a five hidden unit
neural network and trained it according to the SIC method. For various numbers of data points, NV, the resulting
density estimation error, F, was computed by averaging over 100 runs for each N. Shown in figure 12 is the behavior
of log E versus log N, and for comparison, we show the best 1/N fit. The optimal linear fit had slope -0.97. For
comparison, we present the same simulation (using 1000 runs each) for the kernel estimator using the optimal kernel

width and the cossesponding linear fit, which had a slope -0.77.

7 Discussion

We have developed two techniques for density estimation based on the idea of learning the cumulative by mapping
the data points to a uniform density. In doing so, we placed the density estimation problem, traditionally an
unsupervised learning problem, within the supervised learning framework. We focused on implementations using
multilayer networks, because multilayer networks have certain desirable properties such as universal approximation
theorems. However, it should be noted that any sufficiently general function class could be used in conjunction with
our methods.

Two techniques were presented, a stochastic technique (SLC), which is expected to inherit the characteristics of

most stochastic iterative algorithms, and a deterministic technique (SIC). We showed that in the limit of infinite
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training, SLC “converges” to SIC in the sence that they produce solutions to the same local minimization problem.
In reality however, one cannot train for ever, and hence these two algorithms will behave differently. SLC tends to
be slow in practice, however, because each set of targets is drawn from the uniform distribution, this is anticipated
to have a smoothing/regularizing effect — this can be seen by comparing SLC and SIC in figure 6 (a). A similar
outcome is obtained by adding small random perturbations to the targets of SIC.

Our simulations demonstrated that the our techniques performed well in comparison to the kernel estimator using
the optimal kernel width. Further, there is no smoothing parameter that needs to be chosen. Smoothing occurs
naturally by picking the interpolator with the lowest bound for a certain derivative. In our simulations, we enforced
smoothing by starting the network at small weights, which for practical purposes seemed sufficient. For our methods,
the majority of time is spent in the learning phase, but once learning is done, evaluating the density is fast. We used
our methods to demonstrate the fat-tailed behavior in the stock markets — price changes in the stock markets obey
a distribution that has a fatter-than-Gaussian tail.

We then developed techniques for non-uniform random variate generation that are applicable to the generation of
random variates from a density represented by a set of data points (SLCI or SICI) or from a density whose functional
form is given (learning of the inverse distribution). We presented a second method based on a control formulation.
Our methods are applicable to a general class of densities, and the generation of random variates is fast, once the
learning is performed (in comparison with MCMC techniques where the time complexity for generation can be long
depending on the accuracy required). The learning phase is the rate limiting step, but this will become insignificant
when one needs to generate millions of points, many times.

We have also provided convergence results applicable to the use of generalized distribution functions. Thus, we
have laid a theoretical foundation upon which our methods stand. The conditions that we required of the true
distribution function are not unreasonable from the practical point of view. We see that the L., convergence rate
for the density estimation approaches O((loglog N/N)'/2) for smooth densities. We speculate that it is possible to
obtain a better convergence rate by a factor of loglog N. Our theoretical convergence results are near optimal and
were obtained without any restrictions being placed on the support of the true distribution. However, for practical
purposes, one is usually interested in some compact set.

Extensions along the following lines are possible: why restrict oneself to a uniform density? One could map to any
standard density (say) g(z). For example, one can replace the uniform targets for SLC by targets drawn from (say)
a Gaussian density. Let the network function being implemented be H(z,w), and let the mapping that converts a
Gaussian random variable to a uniform be Q(z). This is just the error function erf(z). Then the composite mapping,
Q(H(w,z)), is the required estimate for G(z), from which the density can be obtained by differentiation with respect
to z. For SIC, the targets would be E [u;], the ith order statistic of g. Thus our methods could be extended by
mapping to any standard density for which Q(z) is known analytically. The same comments apply to the random
variate generation process. The advantage of doing this can be seen by supposing that the true density is close to
a Gaussian or some other standard density. Then, we let the mapping Q(z) “do the bulk of the work” and the
neural network has to learn only the deviation of the true density from the standard density. This mapping could

be considerably simpler to learn as it will by assumption be close to the identity mapping®.

8 A technicality in the proof of convergence with probability 1 requires that the random targets be bounded with probability 1. However
we can ignore this technical requirement without significant practical loss.
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A  Weight Updates for Control Formulation

In this part of the appendix we present the exact weight update rules for the control algorithm in section 4.3 for
the case where the density estimator (H») is either a neural network trained according to SIC or a kernel density
estimator. The steps of the algorithm are given in section 4.3. The only change would be the weight update step as

will be described next.

A.1 Neural Network Density Estimator

The error gradient can be written as

08 & OH>(2n,
6_’LU = 27;1 [H2(Znav(w)) - g(zn)] w (29)

where G could be either the true distribution or density. When using SIC as the density estimator, v is a minimizer
of the error function £ = vazl (Hs(yi,v) —i/(N + 1))2. Define the matrix of second derivatives (the Hessian, H) of

A

& with respect to v and the function Q;(v, w) by

825 N 1 8H2(yz',1)) 8H1 (m,,w)
Hi = Goge, W)= ; (HZ('”"’“) TN+ 1) By ow; (30)
which are functions of v and w. After some algebra, we finally get
oE =
_ -1
Bw, 2;:1[Hz(zn,v) = G(2n)](VoH2(25,v)) - (=H (v, w) Vo Q; (v, w)) (31)

and the weight updates are given by Aw = —nd€/0w; and Av = — Y Aw,;H (v,w)V,Q;(v,w), where the sum-
J

mation is over the weights in H;.

A.2 Gaussian Kernel Density Estimator

In this case let G(2) = g(z), the desired density. Let g(z,) be the density on the “test points”. The error function is

M 2
&= [Ha(z0) — 9(20)] (32)
n=1
where now H»(z) is given by
Hy(x) = i L oy (39)
? N = V2n0?



where ¢ is appropriately chosen to give a good density estimator on the N points. If w are the weights of H; then

yi = Hi(z;,w). A straightforward computation shows that

o€ _wizz)® OHy (25, w)
—_— = H — H — 202 _—
dw; MN03\/2_7r ZZ 2(2n) = glan)) (2 w) = 2n)e ow; (34

n=1 i=1

and the weight update is given by w;(t + 1) = w;(t) — n0& /ow;.

B Proofs for Convergence Theorems

B.1 Convergence of the Density Estimation Techniques

Theorem B.1 Let the data 21 ...xN be generated according to the true distribution G. Then, SLC converges with

probability 1 to a local minimum of the error function

N

£=%" [H(xn,w) - Nz 1]2 (35)

n=1
provided that the learning rate n(t) is a decreasing sequence, that satisfies the following conditions
a. 32n(t) =
b. 32 7*(t) < o0, for somep > 1,
c. limy_, o sup[1/n(t) — 1/n(t — 1)] < oo

PROOF: We first summarize some aspects of the theory of stochastic approximation, that will be the main tool in
proving the theorem”. A general stochastic iterative algorithm is given by w(t + 1) = w(t) + n(t)Q (¢, w(t),u(t)),
where u(t) is a sequence of independent random variables (Ljung considers a more general form, where u(t) is given
by an iteration in terms of the random input and w). The algorithm converges with probability 1 (w.p.1) only to a

stable stationary point of the ordinary differential equation.

52 fofmst]

if the following assumptions are satisfied (see [35]):

A1l: u(t) is bounded w.p.1.

A2: The function Q(t,w,u) is continuously differentiable w.r.t. w and u, and the derivatives, for fixed w are bounded

in ¢.
A3: 7(t) is a decreasing sequence, and

o X =

7Stochastic approximation deals with the convergence analysis of iterative algorithms where the inputs are random variables. We
follow the analysis of Ljung [35], though other approaches that have different sets of assumptions, such as Kushner and Clark [33] could
also be used. For more details on stochastic algorithms in general, see [9].
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o >0 nP(t) < oo for some p > 1,

. tl_1glosup[1/n(t) —1/n(t—1)] < .
Ad: limy o E[Q (t, w, u(t))] exists for all .

By observing the proof of convergence in [35], it can be shown that condition A2 can be replaced by the following

condition:

A2': Q is locally Lipschitz continuous in w and u, meaning that |Q(t, w1, u1) — Q(t, w2, uz2)| < R(w,u, p,v)(|lwr —
wa| + |ur — uzl), for wi, wa € B(w, p) for some p = p(w), and u1, uz € B(u,v) for v > 0, where B(z,y) is the
ball centered at z with radius y. Moreover, the Lipschitz constant R(w,u(t),0,v(t)) is a bounded function of

t for fixed w and bounded v(¢).

To see why this is the case, we note that condition A2 is used in the proof in [35] only in Lemma 2, pg. 569. There,
the equivalent condition A2’ can be used in its place.
The update equation for SLC is given by w(t+ 1) = w(t) + n(¢)Q(w(t), u(t)), where u(t) is the vector of u,,’s that

are presented for training cycle ¢, and

N
Q(®), () = =3 [Han,w(®) — un(e)] 220 (37)

n=1
Note that z,, is fixed and considered constant in the proof, because it does not change from one cycle to the next.
The first condition, the independence of successive u(t) vectors, is satisfied, by the construction of the algorithm.
We now verify that conditions A1, A2', A3 and A4 are satisfied.

e Condition Al is satisfied, because u,(t) is generated from a uniform density, and hence it is bounded.

e (@ is a piecewise (with respect to t) differentiable function of 4 and w (assuming standard sigmoidal neural
networks). Further, the derivatives are bounded in ¢ for fixed w because u,(¢) is bounded in ¢. Therefore, @ is
locally Lipschitz. In addition, the local Lipschitz constant R(w,u(t),0,v(t)) is bounded in time (for fixed w)

as the derivatives are bounded in time for fixed w. Hence condition A2’ is satisfied.
e Condition A3 is equivalent to the conditions of the theorem.
e Let us now consider Condition A4:

lim E[Q(w,u(t))] = — lim 3 (H(xn,w) - E[un(t)]) W (38)

t—o0 t—o0
n=1

The variables uy,(t) are the order statistics of a sample of size N drawn from a distribution that is uniform in

[0,1]. The density of the order statistic can be found in most texts on probability theory, e.g. [10]. We get

which is a beta distribution. The first moment can be obtained in a straightforward manner as, E(u,) =

n/(N 4 1) Substituting in (38), we see that the limit exists and is independent of ¢ for all w.
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Thus, all conditions of [35] are satisfied, therefore we conclude that the algorithm converges w.p.1 to the stable

stationary points of the following ordinary differential equation

PR NLERE R T 0

which are precisely the local minima of the error function (35), because the right-hand side of (40) is the negative

gradient of the error function in (35)8. ]

Theorem B.2 (L; convergence to the true distribution) Let the data set Dy consist of N data points, z;

drawn i.i.d. from the true distribution G € G. For every H € HY, and every F' € G, the inequality

Bllr-cl], =2|[ we-ceyre| <oam ()
holds, where
0:(N) =2 | gt + v BB ST sy ] (42)
PROOF: Let 2o = —00, Zn41 = 0.
17 -Gl= [ (H) - G)?dr) - i [ @) - cwrare (43)

Now by definition, G(z;) = i/N + 1 +¢; and H(z;) = i/N +1—1n;. Let 2 € [z;,2:;+1]. Because H and G are
monotonically increasing, we have the inequalities H (z;) < H(z) < H(z;41) and G(z;) < G(z) < G(z;4+1) therefore,
< Gz)— —— <

= N+1°=

i
i < H
ni < H(z) — 1S

it NI

M+ N (44)

Thus, using the well known inequality (a — b)? < 2(a® + b?) with a = G(z) —i/N + 1 and b = H(z) —i/N + 1 we

have:

(G(z) — H(z))”

IN

N
N
/\

1
< 2 (e + (ez+1+N+1) + (46)
2
: ; 4
n; + (Th-l-l N+ 1 ) ( 7)

80bserving this proof, it should be clear that if the hint term had been kept in (2) the proof would have proceeded in exactly the
same manner resulting in convergence to the error function in (2). If we require that the solution be monotonic, then the hint term
must be zero, therefore, the function converged to must be a minimum of the remaining term which is precisely the error function (35).
Ultimately, the same final result is obtained.
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Combining this inequality with (15), we get

B(Gw) - H@Y), < 2 (o + D L =,
mF + i — NL_HWH)
< Qy(N), (48)

where the last inequality follows by maximizing over ¢ and using the bound for the 7;’s. Thus we find

N N Tit1 5
ElE-Glz] = Y[ E[H®-G6@)], ), (49)
i=0 Y i
N o ez
< Y / Q(N)dF (z) = Q2(N) (50)
i=0 7 i
The last line follows because ffooo dF(z) = 1 since F is a distribution function. ]

The previous theorem can easily be extended to obtain the L; convergence.

Theorem B.3 (L; convergence to the true distribution) Let the data set D consist of N data points, z; drawn

i.i.d. from the true distribution G € G. For every H € H}, = and every F' € G, the inequality

(e}

Bl -Gl = [

— 00

1 loglog N 2
AN = g + 2 T+ 52

PROOF: We refer the reader to an accompanying technical report for the proof [36]. [ |
Thus we have L; convergence at a rate O(1/v/N) for v(N) < 1/y/loglog N. Let Hy denote a sequence of functions

in H},  for increasing data set sizes N. Define the statistics

|H(z) - G<w>|dF<m)] < 0y(N) (51)

D

holds, where

Du,y = sup|Hy(z) —G(z)] (53)
Cay = [ (in() - 6@)dG ) (54

which are analogous to (9), (10). The following theorems are valid.

Theorem B.4 (L., convergence to the true distribution)

[ N 1
li DE, [ —— < I N)+ = 55
ljffn_f;lop N\ 2loglog N = Nhoo v(N) + 2 (55)

where we assume that A}im v(N) exists.

—00
PRrOOF: We refer the reader to an accompanying technical report for the proof [36]. ]
Theorem B.5 N ) )
14
li C——— < lim — 4+ = 56
1;{1’1_}5;1013 N 2loglogN = Nose 2 + 2 (56)
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where we assume that lim v(N) exists.
N—oo

PROOF: We refer the reader to an accompanying technical report for the proof [36]. ]
To prove convergence to the true density, we will need the following results relating the higher derivatives of a

function to lower order derivatives. In the following, we use the notation f(? to denote the it" derivative of f.

Lemma B.6 Let a twice differentiable function f(z) be defined on the interval (a,00) where the lower limit, a, could
be —oo. Suppose sup, |f| = Mo, sup, |f'| = M1, and sup, |f"'| = M2, where the sup, is taken over z € (a,0).
Then,

M} < AMoM, (57)

PROOF: Let h > 0. Then for z € (a, ), by Taylor’s theorem, we have

(2h)2w

f(z +2h) = f(z) + 2hf'(z) + 5

(58)
for some ¢ € (z,z + 2h). Therefore, |f'(z)| < % + hM>. This inequality holds for every h > 0. In particular for
the h that minimizes the right hand side. This minimum is attained at h = y/My/M> and so we have the bound

|f'(2)| < 2v/MoMy. Thus sup, |f'(x)| < 2/MoMs. "

Corollary B.7 Let G(z) be differentiable m times on the interval (a,00). Let sup, |GY| = M; for i = 1...m.
Then
M2 < 4M;_1 My (59)

fori=1...(m—-1).
PROOF: Let f(z) in lemma B.6 be G(—1)(z). ]

Lemma B.8 Let G(z) be differentiable m times on the interval (a,c0). Let sup, ‘G(i)| =M, fori=1...m. Then

1

My <2m My M (60)

PRrROOF: We prove the lemma by induction on m. For m = 2, the lemma is equivalent to lemma B.6. Suppose (60)
holds for m = P. We show that it holds for m = P + 1. From lemma B.6 we have M; < 2M0% Mzé By applying the
induction hypothesis to G’ we have the following equation M, < 2F *1M11 7%M é ,1- Combining these two equations
we find that M; < (2(P+1)/2M3/2M}1,/+21P)2P/(P+1), and thus (60) holds for m = P + 1. This concludes the proof. m

We assume that the true distribution function has bounded derivatives up to order K. Then, in the asymptotic
limit N — oo, one expects that with probability 1, an interpolator should exist with bounded derivatives with the
same bounds, because in the asymptotic limit, G(z) itself becomes an interpolator. To proceed in a more formal
manner, let A; = sup, |G|, i =1...K and define BY(D) by

V(D)= i (@)
B! (D) HGI%E’JN sgp ‘H (61)

for fixed »(N) = v > 0. Note that by definition, for all e > 0, 3 H € H,  such that sup, |H(’)(x)| < B + e
B?(D) is the lowest possible bound on the it* derivative for the v-approximate sample distribution functions given a

particular data set. In a sense, the “smoothest” approximating sample distribution function with respect to the 5t"
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derivative has an it" derivative bounded by BY (D) One expects that BY < A;, at least in the limit N — co. This is
the content of the next lemma. Let B! = A; + n} (D).

Lemma B.9 Let v(N) > 2. Then, for all § >0

lim P[ny(D) <6 =1 (62)
N —oo
PRrROOF: This is a straightforward application of theorem 3.2 as follows. Suppose the lemma were false. Then there
exists 0 > 0 such that limy_,o P[n} (D) > 0] > v > 0. Therefore with probability> v, G ¢ H} as N — oo, as if
G € M}, then n < 0. Thus, with probability > v,

loglog(N)

SN (63)

Dy = Sl;P|GN(‘T) -G(z)| > (v—-1)

as N — oo (the (v — 1) arises because our distribution function differs from Gn at z; by at most 1/N <

v/loglog N/2N). Thus, limy_;oc Dny/N/2loglog N > limy_,oo (v —1)/2 > 1/2, with probability> v > 0, im-
plying that limsupy_,.o Dn+/N/2loglog N > 1/2, with probability> v > 0, contradicting theorem 3.2. [ |

Theorem B.10 (L, Convergence in probability to the true density) Let N data points, z; be drawn i.i.d.
from the distribution G € G. Let sup, |G(i)| =A; fori =0...K, where K > 2. Let v(N) > 2 and fir e > 0. Let
BY.(D) = ianeq%N sup,, |H(K)|. Let H € HY,,, be a v-approzimate distribution function with Bk = sup, |H(K)| <

BY, + € (by the definition of BY,, such a v-approxzimate distribution function must exist). Then, the inequality

sup |H'(z) — G'(z)| < F(N) (64)
where
1 1-%
_ o(K-1) 1 2loglog(N)\ 2 2
F(N) =2 (24 + €)% | (1 +v(N)) ( N +N+1 (65)
holds with probability 1, as N — oo. By this is meant
Jim P[sup |H'(z) — G'(z)| < f(N)] =1 (66)
— 00 z
ProoF: Let S(z) = G(z) — H(z) and let Mg = sup, ‘S(K)‘ < Ak + Bk. By lemma B.8
sup |$'(z)] < 25 (Ax + Bx)¥ sup|S(a)|' "% (67)

where Bi = sup, |H (K)| and by construction, Bx < B% (D) + €. Therefore,
P[sup[8'@)] < 7| > P20V (e + Bk sup s F < F)

If we can show that the right hand side tends to 1 as N — oo then we are done. We look at the probability of the
a1

complementary event and show that it tends to 0. We can bound P[2(K—1)(Ax + By)% sup,, |S(m)|17K > F(N)]
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P

{tax+ i) > @ax +9} OR {swpls@)] > 1+ v(0) (21°g§3g(N)>% 37

which in turn can be bounded by the sum of probabilities of the individual events. By lemma B.9, as N — oo,
BY. (D) < Ak with probability 1, so, limy_,. P[(Ax + Bk) > (2Ak + €)] = 0. Similar reasoning to that which led
to (44) can now be applied to show that for z € [2;, z;41],

S <G(z) - H(z) <e€iy1+mi + N1il (68)
therefore )
2loglog N\ 2 2
sup (o)] < maxfle] + feal} + () (BN )4 2 (69)
thus, we see that
1
. 2loglog(N)\ 2 2 _
ngnooP sgp|S(a:)|> [(1+V(N))< N +N+1 =0 (70)

because limy_,o, P[max; |e;| > y/loglog N/N] = 0, by an application of theorem 3.2. Therefore we have shown that
limy 00 P[2K~1 (Ag + Bg)¥ sup, |S(a:)|1_% > F(N)] <0 thus proving the theorem. |

The following is an immediate corollary of the theorem.

Corollary B.11 (L, convergence to the true density) Let N data points, z; be drawn i.i.d. from the distri-
bution G € G. Let sup, |G?| = A; fori = 0...K, where K > 2. Let v(N) > 1 and fiz ¢ > 0. Let B4 (D) =
ianEHVDN sup,, |H(K)|. Let H € H}p,,, be a v-approzimate distribution function with Bx = sup, ‘H(K)| < By +¢
(by the definition of B%, such a v-approzimate sample distribution function must exist). Then, for any F € G, as
N — o0,

lim P

N—oo

( [ 1@ - G'(x)V’dF(x)) e f(N)] 1 (71)

where F(N) is as defined in theorem 3.6.

B.2 Convergence of the Random Variate Generation Techniques

In this section we state the theorems relating to the convergence of the random variate generation techniques. We
omit the proofs as they are similar in flavor to the analogous theorems for the density estimates. For the details, the

reader is referred to the technical report [36].

Theorem B.12 Let the data 1 ... xN be generated according to the true distribution G. Then, SLCI converges with

probability 1 to a local minimum of the error function

N 2
E=E [Z [H (un, ) = 2] ] : (72)
n=1
(where the expectation is with respect uy,...,un, the N order statistics of a uniform distribution), provided that the

learning rate n(t) is a decreasing sequence, that satisfies the following conditions

a. 3372ym(t) = oo,

37



b. Y72, nP(t) < oo, for some p > 1,
c. lim; o sup[1/n(t) — 1/n(t — 1)] < coc.

Theorem B.13 Let the data x; ...zN be generated according to G. If the conditions of theorem B.12 hold, then, in

the limit N — oo, SLCI converges with probability 1 to a minimum of the error function

N

n 2
n=1

Theorem B.14 (L, convergence to G!) Let the data set D consist of N data points, z; drawn i.i.d. from the

(true) distribution G € G. Assume that G 1 is continuous on the closed interval [0,1] and let its derivative be

bounded by S. For every generalized inverse distribution function that is zero outside the range of G=' and for any

continuous measure du(u) on [0,1] (with bound B on [0,1]), the inequality

_ Z1 2
E[|H -G ;] < Qu(N) (74)
holds, where
1 (s ) \/Szll(N)z loglogN 252 5
Qg(N) = N <7+V(N) loglog N + N +T+SBS (75)

Theorem B.15 (Convergence in probability to the true density) Let N data points, z; be drawn i.i.d. from
the distribution G € G. Let sup, |G(i)‘ = A; for i = 0...K, where K > 2, and let G®) > § Fiz ¢ > 0 and
let v(N) > 2/(6 —€). Let By (D) = infgy-1 sup, |Q(K)‘ where Q™! represents a generalized v-approzimate inverse
distribution function and Q the corresponding distribution function. Let H~! be a generalized v-approzimate inverse
distribution function with Bx = sup, |H(K)| < B¥ + € (by the definition of BY,, such a v-approzimate inverse

distribution function must exist). Then, the inequality

sup |H'(z) — G'(z)| < F(N) (76)
where
1 1-%
_ (K1) 1 2loglog(N)\ 2 2

F(N)=2 (24 + €)% |(1+v(N)) ( N N1l (77)

holds with probability 1, as N — oo. By this is meant
Jim P[sup|H'(:v) -G'(x)| < ]"(N)] =1 (78)

—00 z
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