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Abstract. Let f be a function on R? that is monotonic in every vari-
able. There are 2¢ possible assignments to the directions of monotonicity
(two per variable). We provide sufficient conditions under which the op-
timal linear model obtained from a least squares regression on f will
identify the monotonicity directions correctly. We show that when the
input dimensions are independent, the linear fit correctly identifies the
monotonicity directions. We provide an example to illustrate that in the
general case, when the input dimensions are not independent, the linear
fit may not identify the directions correctly. However, when the inputs
are jointly Gaussian, as is often assumed in practice, the linear fit will cor-
rectly identify the monotonicity directions, even if the input dimensions
are dependent. Gaussian densities are a special case of a more general
class of densities (Mahalanobis densities) for which the result holds. Our
results hold when f is a classification or regression function.

If a finite data set is sampled from the function, we show that if the
exact linear regression would have yielded the correct monotonicity di-
rections, then the sample regression will also do so asymptotically (in a
probabilistic sense). This result holds even if the data are noisy.

1 Introduction and Results

A function f : R? — R is said to be monotonic with positive direction in dimen-
sion 14 if

floey, o i1, 2 + Ay v, -y xq) > (@1, Tim1, iy Tig1, - - -5 Td), (1)

for all A > 0 and all x € R?. When the context is clear, we will use the notation
fi(z;) to denote the function f of z; with all other variables held constant.
We assume throughout that we are in RY. The direction of monotonicity is
negative if the condition A > 0 is replaced by A < 0. A function is monotonic
if it is monotonic in every dimension. If f is only defined on some subset of
R?, then the monotonicity conditions need hold only in this subset. We can
represent the monotonicity directions of such a function by a d dimensional
vector m of +1’s. There are 2¢ possible choices for m. A classification function,



f:R? — {+1,—1} is monotonic if it can be represented as f(x) = sign(g(x)),
where g is a monotonic function. Condition (1) can now be more compactly
written as f;(x; + m;A) > fi(x;), for all A > 0.

Monotonicity is a property that might be true of a function that one might
like to determine on the basis of some data. For example, the creditworthiness
of an individual would be a monotonic function of variables such as income, [1].
The severity of a heart condition should be a monotonic function of cholesterol
level. One might wish to learn such a function from a finite data set, for pre-
dictive purposes. In such cases, incorporating the monotonicity constraint can
significantly enhance the performance of the resulting predictor, because the ca-
pacity® of monotonic functions can be considerably less than the capacity of an
unrestricted class, which has consequences on the generalization ability of the
learned function, [2,1, 3]

Some tests for the monotonocity of a regression function have been considered
in the literature, see for example [4,5]. Algorithms for enforcing monotonicity
have also been considered, for example [6-12,1]. Most of these (especially the
nonparametric regression approaches) focus on the single variable case, and it is
always assumed that the monotonicity direction is known (usually positive). For
the credit and heart problems above, it is reasonable to guess that the direction
of the monotonicity is positive. However, it can often be the case that while
monotonicity is known to hold, the direction is not known, and needs to be
determined. An example is when the identity of the variables is kept secret for
privacy or propriety reasons. Exactly such a problem was encountered in [1]. It
can also be argued that the general multilevel classification problem admits a
monotonicity constraint, even though the directions are not known apriori [7].
In such cases, it is not practical to enforce monotonicity in one of the 2¢ possible
directions, especially when d is large. Rather, one would like to determine a
specific direction in which to enforce the monotonicity.

A linear function [ is defined by I(x;w,wo) = wlx + wp. Since a linear
model is monotonic, one approach would be to fit a linear model to the data,
and use the monotonicity direction implied by the optimal linear model as an
estimate of the monotonicity direction of f. Such an approach was used in [1].
The purpose here is to show that such an approach is valid. Assume that the
inputs are distributed according to px(x). The expected mean square error £ of
the linear function I(x;w,wp) is given by

£(w, wo) = / % p(x) (WTx + wp — £(x))7. @)

The optimal linear fit (which we will refer to more simply as the linear fit) is given
by the choice of w and wg that minimize £(w,wq). We will assume throughout
that the linear fit exists. Without loss of generality, we can also assume that

3 The capacity of a set of functions is related to the expected number of dichotomies
that the set of functions can implement on a set of points. For formal definitions of
the capacity, VC dimension, etc., can be found in [3].



E[x] = 0 (Lemmas 4, 5). In general we will postpone proofs to Section 2. First
we state how to obtain the linear fit.

Lemma 1 (Linear fit.). Let ¥ = [ dx px(x) xx” be invertible. The linear fit
is then given by

w5 / dx pe(x) f(x)x,  wh= / dx pe(x) f(x) 3)

PROOF: See any standard book on statistics for a proof, for example [13]. [ |

The main content of this paper is to determine conditions under which the
linear fit in (3) will produce the correct monotonicity directions for the function
f(x). First we give the result for independent input densities.

Theorem 1 (Independent densities.). Let f(x) be monotonic with mono-
tonicity direction m, and let the input probability density be any independent
density *. Let w' wl be given by the linear fit. Then m; = sign(w!) for all i
such that wt # 0. Further, if fi(x;) is non-constant for all x in a compact set of
positive probability, then w! # 0.

Thus, when the inputs are independent, the linear fit deduces the correct mono-
tonicity directions for f, even though f may not resemble a linear function in
any way. Further, note that the theorem does not differentiate between classifi-
cation or regression functions, and thus the optimal linear fit for a classification
problem will also yield the correct directions of monotonicity. An immediate
corollary of this theorem is that when the input dimension is d = 1, the linear fit
will always yield the correct monotonicity direction. An important special case
is when the function is defined on a hyper—-rectangle, and the measure is uniform
on the rectangle.

Independence in the input dimensions is quite a strong restriction, and much
of the benefit of the monotonicity constraint is due to the fact that the input
dimensions are not independent. This is evident from the fact that the VC-
dimencion of the class of monotonic classification functions is 0o, but the capac-
ity of this class is heavily dependent on the input distribution. When the input
dimensions are independent, the capacity of the class of monotonic functions
grows exponentially in NV, but when the input dimensions are dependent, the
capacity can be a much more slowly growing function. Such issues are discussed
in greater detail in [2]. Unfortunately, if we remove the independence require-
ment, then we cannot guarantee that the optimal linear fit will induce the correct
monotonicity directions. The following proposition establishes this fact, and an
explicit example is constructed in the proof in Section 2.

Proposition 1. There exist monotonic functions f and input densities px(x)
for which the optimal linear fit induces the incorrect monotonicity directions.

The essential idea is to choose a function like f(x) = z$—z5. By suitably choosing
the correlation between z; and xz2, the linear regression can be “tricked” into

Yie., px(x) = p1(z1)p2(x2) - palza).



believing that the function is increasing in the x5 dimension, because the x;
behavior of the function dominates. The details are given in the proof.

We cannot remove the independence restriction in general, however, for cer-
tain special cases we can. In particular, a common assumption is that the inputs
are jointly Gaussian. In this case, the linear fit will correctly induce the mono-
tonicity directions. This result is a special case of a more general one dealing
with a class of input densities which we call Mahalanobis densities.

Definition 1. A density px(x) is a Mahalanobis density if it can be written as

px(x) =g ((x—p)" 2 (x—p)).

The mean vector and covariance matriz are given by p and X respectively. g(x)
is a function defined on Ry that is the derivative of a non-decreasing func-
tion G(z) < 0, i.e., g(x) = G'(z). By definition, ¥ = [dx g(x? X 1x)xx".
Further, we require the following constraints on G(z): lim |y, G(2*)z = 0;
Jdx G'(xTX"xT) =1; [dx G(xT X~ 'xT) = —2. G() is called the associated
Mahalanobis distribution function.

The first constraint on G is merely technical, stating that G decays “quickly” to
zero.®. The second ensures the py is a legitimate density, integrating to 1. The
third merely enforces the consistency constraint that X' = [ dx g(x7 X~ 1x)xx”.

The Gaussian density function is defined by
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N(x; X) =

where X is the covariance matrix for x and the mean is zero. A Gaussian dis-
tribution with mean p has a density function given by N(x — u; X). It is easily
verified that every Gaussian density is a Mahalanobis density with Mahalanobis

1
distribution function G(z) = —2e~2%/(27)%?|X|'/2. The next theorem shows
that the linear fit is faithful to the monotonicity directions of f(x) whenever the
input density is a Mahalanobis density.

Theorem 2 (Mahalanobis densities.). Let f(x) be monotonic with mono-
tonicity direction m, and let the input probability density be a Mahalanobis den-
sity. In the regression case, assume that f is differentiable and does not grow too
quickly, i.e.,

lim GI'EZxT)f(x)=0 Vi=1,...,d (4)

Let w' be given by the linear fit. Then m; = sign(w') for all i such that w! #
0. Further, if fi(z;) is non-constant for all x in some compact set of positive
measure, then wk # 0.

® This is not a serious constraint if moments of px(x) are to exist. In fact, since px(x)
integrates to 1, this constraint becomes vacuous when d > 3.



Since the Gaussian density is a Mahalanobis density, the theorem applies, and
an immediate corollary is that the linear fit will induce the correct monotonocity
directions, provided a certain technical condition regarding the growth of f is
met. The technical condition essentially amounts to the fact that log|f(x)| =
o(xTx), which is a reasonable assumption if the moments of f are to exist. Other
Mahalanobis densities are given in Appendix A.

Practically, from the learning perspective, one does not have access to the
target function f(x), which is assumed to be monotonic, nor does one have access
to the input distribution px(x). Rather, one has a data set, Dy = {x;,y;}¥ ;. The
particular way in which the data set was sampled defines the regression model.
The model we will assume is the standard homoskedastic regression model. x;
are sampled independently from px(x) and y; = f(x;) + €;, where ¢; is noise.
In the regression case, we assume that the ¢; are independent zero mean noise,
with bounded fourth moments.

E[G,"X,’] = 0, E[€,’6j|Xz',Xj] = 0'251'3'; (5)

where d;; is the Kronecker delta function. Often, one assumes the noise to be
Gaussian, but this is not a necessary requirement. For technical reasons, we will
generally assume that all fourth moments that include powers of the noise vari-
able, powers of x and powers of f are bounded. For example, E[f?(x)xxT] < oo,
etc. Some of these restrictions can be dropped, however for simplicity, we main-
tain them. For the classification case, we assume that the noise ¢; is independent
flip noise, i.e., independent flips of the output values from y; to —y; with some
probability p < 1.

0 w.p. 1 —p,
P = 6
‘ {—Zf(xz-) w.p. p. ©)

Define the augmented input vector by

. 1
X = < |’
i

and define X by

An approximation to the linear fit is given by the Ordinary Least Squares (OLS)
estimator, which minimizes the sample average of the squared error. The OLS
estimator is given in the following lemma,

l

*

, of wh, w! are given by

wy g
B* = [WO*] = —]<7V Zyzfiz
=1

Lemma 2. The OLS estimates w§, w



PROOF: See any standard book on statistics, for example [13]. |
Under reasonable conditions, when N — oo, we expect sample averages to
converge to expectations, i.e.,

LS SRS D P E

Thus, the OLS estimates should converge to the true linear fit. The following
lemma is therefore not surprising.

Lemma 3. Let wh,w' be the linear fit to f(x) with respect to input density
px(x). Assume that all fourth order moments of px with respect to x, f(x) and
€; are bounded, and that E[x] = 0. Suppose that N points {x;}N_, are sampled
iid. from px with y; = f(x;) + €; where ¢€; is independent noise. For regression,
the noise satisfies (5), and for classification, the noise is independent flip noise
(6). Let w* be the OLS estimator of w'. Then,

. ﬂ) w! regression,
w
(1 -2p)w! classification.
We use the standard notation -2 to denote convergence in probability. Notice
that while w* converges in probability to w! for regression, it does not for
classification, unless p = 0. However, since p < %, the sign of w* converges
in probability to the sign of w! for both cases. Thus, if the linear fit w! induces
the correct monotonicity directions, then so will w*, asymptotically as N — oc.

The following theorem is therefore evident.

Theorem 3 (OLS). Let f(x) be monotonic with direction m, and suppose that
N points {x;}}V., are sampled i.i.d. from px(x) with y; = f(x;) + €; where €; is
independent noise. For classification, €; is flip noise with probability p < % (6),
otherwise it is a zero mean random variable with variance o2 (5). Assume all
fourth order moments are finite. Let w' be given by the exact linear fit, and let
w* be the OLS estimators for w'. Suppose further that the linear fit induces the
correct monotonicity directions, i.e., sign(w') = m. Then,

lim P[sign(w*) =m] = 1.
N—o0

This theorem states that if the linear fit extracts the correct monotonicity di-
rections, then with high probability (for large N), the OLS estimator will do
so as well, even in the presence of noise. The theorem thus applies to indepen-
dent input densities and Mahalanobis densities. This convergence is illustrated
in Figure 1 where we show the dependence of P[sign(w) = m] as a function of
N for different noise levels, for both classification and regression. The data were
sampled uniformily from [0,1]* and f(z,y) = e¥ ® — 1 for regression and the
sign of this function for classification.
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Fig. 1. Probability of obtaining the correct monotonocity directions vs. sample size.

Discussion

Before a monotonicity constraint can be enforced, most algorithms will require
knowledge of the direction of the monotonicity. We have shown that under quite
general assumptions, the correct monotonicity directions are induced by fitting
a linear model to the data, in particular, when the inputs have a Gaussian dis-
tribution. Athrough we have assumed that the function f is monotonic in every
dimension, this need not be so. It is possible that a function be monotonic in
some dimensions and non-monotonic in others. The proofs do not require mono-
tonicity in every dimension, thus, it is straightforward to extend the proofs to
this situation. In this case, the linear model will extract the correct monotonicity
directions for those dimensions in which monotonicity is known to hold. Once the
direction of monotonicity has been determined, it can be incorporated into more
complicated learning models such as neural networks, a task that would have
been considerably tougher had the monotonicity directions not been known.
The linear model has a number of appealing features: it is easy to imple-
ment; once it has been implemented, the monotonicity directions are easy to
determine; the linear model developed on a finite data set converges rapidly to
the true linear fit, though we did not address this issue rigorously here — the
asymptotic distribution of the OLS estimator is given in Lemma 11 which is
Gaussian with a variance that is O(%); these convergence rates could be used
to determine how much data is needed to make an accurate determiniation of
the monotonicity directions. The main drawback of the linear model is that it is
useful for certain classes of input densities, in particular independent densities
and Gaussian densities. Enlarging this class of densities would be useful progress.
Other approaches to determining the monotonicity of a function that are as
simple and efficient as fitting a linear model would also be useful. There is poten-
tial that some non-parametric techniques could prove successful in this respect,
for example regression approaches that are consistent, in that they approach the



true function f in a distribution-independent manner. The main drawbacks of
such a general approach are that the convergence will be much slower than for
linear models, and the monotonicity directions of the resulting function may not
be easy to determine — this function may not even be monotonic. Our moti-
vation is that a simple, effective algorithm be used to obtain the monotonicity
directions which can then be used to constrain more powerful models so that
the more powerful model will attain a better generalization performance.

How bad can the linear model be? The example constructed in Proposition
1 required one dimension to dominate the other. In such a situation, one might
suspect that this second dimension is not important in the implementation of
the true monotonic fit. To be more specific, if the linear model gave monotonicity
direction m’ # m, and one obtains the best monotonic fit subject to the incorrect
monotonicity constraints m’, then how bad can the expected fit error be?

We assumed monotonicity in the variables. Perhaps f is monotonic in features
that are not the individual variables. Are their efficient algorithms to determine
the monotonic features? We leave such questions as food for future thought.

2 Proofs

The following lemmas will be useful in the proof of Theorem 1. The first two
state that the monotonicity directions of f and the monotonicity directions that
would be induced by a linear fit are unchanged under scaling and translation of
the input space. The third states a useful property of monotonic functions.

Lemma 4 (Monotonicity direction is scale and translation invariant).
Let f(x) be monotonic with direction m. Let A be any invertible diagonal ma-
triz and b be any vector. Then, g(x) = f(Ax + b) is monotonic. Further, the
monotonicity direction of g is sign(A)m.

PROOF: Suppose m; = +1 and let A > 0. §(z; + A) = fi(Ajz; +b; + A A). If
A > 0, then f;(Ajx; +b;+ A A) > fi(Ayz; +b;) = §(x;). Similarily if 4;; < 0,
then f,' (Az','aI,' + bz —|—A“A) S fz (Au.’L'l + b; ) = g(.ﬁl)‘z) An analogous argument with
m; = —1 and A < 0 completes the proof. [ |

Lemma 5. Let w,wo be the linear fit for f(x) with respect to input density
px(x). Let A be any invertible diagonal matriz and b be any vector. Let x' =
Ax+Db be a scaled and translated coordinate system, with respect to x. In the x'
coordinate system, let v,vg be the linear fit. Then w = Av.

PROOF: w,wq are minimizers of [dx px(x) (Wl'x + wo — f(x))2, and v,vo
are minimizers of [ dx' px (x')(vIx' + vy — f(A7}(x' —b)))? where px (x') =
px(A~1(x' —b))/|A|. Making a change of variables to x = A~!(x’ —b) we have
that v, v are minimizers of [ dx px(x) (v7 Ax+vTb+vo— f(x))?. Consequently,
we identify w” = vT A, and since A is diagonal, the lemma, follows. [ ]

Lemma 6. Let f(x) be monotonic with direction m. Then,

mizifi(wi) 2 mizi fi(0).



Further, if fi(z;) is non-constant, then 3x; < 0 such that the inequality is strict
Ve; <z, or Ele > 0 such that the inequality is strict Vz; > xf

i
ProOOF: Let m; = +1. If z; > 0, then f;(x;) > f;(0) therefore x; f;(x;) > z;f:(0).
If x; < 0, then f;(x;) < f;(0) therefore x; f;(z;) > x;f;(0). An exactly analogous
argument holds with inequalities reversed when m; = —1. Further, suppose that
fi(z;) is non-constant, and that m; = 1. Then one of the following two cases
must hold.

(i) 3zF >z > 0 such that fi(z]) > fi(z) > £(0).

(ii) 3z; <z <0 such that f;(z]) < fi(z) < £i(0).
In both cases, it is easy to see that the inequality becomes strict in the respec-
tive ranges for x; as claimed. An analogous argument with m; = —1 and the
inequality signs reversed completes the proof of the lemma. ]

Proof of Theorem 1. By Lemmas 4 and 5, after suitable scaling and translation,
we can assume, without loss of generality, that E[x] = 0 and that E[xx’] = L
Then, using Lemma 1, we have that

w= [ dxpelxi () wo= [ dxp) f0. (D
It remains to show that m;w; > 0, as follows.
mw; /dX'/ dz; px(x) miz; fi(T:),
(;) /dx’ px'(x')/ dz; py,(Ti)miz; fi(0),

=/Wm@%w®/CMmmm
© o,

where X' = (21,...,%i—1,Tit1,---,2q)- (a) follows since the measure is indepen-
dent, (b) by Lemma 6 and (c) because E[x] = 0, concluding the proof. Note
that if w; = 0, the result is ambiguous and could be an artifact of the measure.
However, from Lemma 6 we see that if f; is non-constant for all x in a compact
set of positive probability, then the :zsfE can be chosen so as to specify sets of
positive probability with the inequality being strict, and hence the result is that
m;w; > 0, concluding the proof of the theorem. [ ]

Proof of Proposition 1. It suffices to construct an example where the optimal
linear fit gives the wrong monotonicity directions. We use a two dimensional
example f(x) = x3 —z2, and for the input density, we use a mixture of Gaussians,

1 1
px(xl,xz) = §N(IL‘1 - al)N(wz - 1) + EN(:EI + al)N(m2 + 1)

1
where N(z) is the standard Gaussian density function, N(z) = e 2% [V 2.
Notice that E[x] = 0. Denote the covariance matrix of this distribution by X.



Using the moments of the Gaussian distribution, see for example [13], we find
that

2
p=[EAa Ball-daedes Bladn) a3
1
The optimal linear fit is given by
B _1 [E[z}] — E[z172)
_ 1 _ 1 1
w=XTE[f(x)x] =% [E[$§m2] — E[z3]
1 at +9a +6
" 2+4a} |-2af —af -2

The monotonicity direction of f is m = [1,—1]. The first component is always
positive, which is consistent with m, however for sufficently negative a;, for
example a; < —2, the second component becomes positive which is inconsistent
with m, thus concluding the proof. [ |
Let px(x) be a density that depends on x only through x? X ~!x, where X
is the covariance matrix for x under density pyx. Thus, px(x) = g(x7 X 'x)
for some function g defined on Ry. By construction, E[x] = 0, since px is a
symmetric function. Let G be the indefinite integral of g, so G'(z) = g(z).
Assume that G(z) <0, Vz > 0, and that G is a sufficiently decreasing function
such that
lim G(z*)z =0 (8)

|z] =00
Note that g must satisfy some constraints. It must normalize to 1, and the
covariance must be X'. Thus,

XY= /dx g(xT X 1x)xxT
= Z/dx g(xT X7 1x) X 1xxT

_ %S/dx (VLG (x5 1x)] x”

%Z/dx Ve (GETE'%)xT) — GxTZ7'%x)Vex"

= —%E/dx G(x"X 'x)

where the last line follows because, using the fundamental theorem of calculus
and (8), the first term is zero, and, V,x7 = I. Thus we have the two constraints,

/dx G'xT'x'x)=1 /dx Gx'¥1x) = -2. 9)

The first constraint can always be effected by multiplying G by some positive
scalar. The second then leads to a constraint on G. Using some standard multi-
dimensional integration techniques, these two constraints can be reduced to

d— d—
/0 ds s 1G'(sz) = 72| |1/2 /2 / ds s 1G ) = | |1/2 R (10)

10



where the Gamma function is defined by I'(z) = fooo dss*~le=%. In terms of
g(z), these constraints become

_ Ir(d/2) o0 rd/2+1)
d-1 0.2\ _ d+1,0.2) _
/0 ds s g(s%) = TREE /0 ds sTg(s”) = S (11)

The classification boundary with respect to dimension z; is a function ff(x') :
R¥-! — {R, 00, —¢}, that determines the point at which f;(z;) changes sign.
Here x' = (z1,...,%i—1,Ti+1,---,2q). Thus,

oy mi z; > f{ (@)
fz(-’L'z) - {_mi z; < ff(xl)

An interesting fact about the classification boundary is that it is a monotonic
function. In fact, its monotonicity directions m¢ can be obtained from the orig-
inal monotonicity directions by m® = —m;m’".

Proof of Theorem 2. Let py(x) = g(xT X~1xT) satisfy the properties described
above. Let f be a monotonic function with monotonicity direction m satisfying®

lim GxTX 'xN)fx)=0 Vi=1,...,d. (12)

Let’s first consider the regression case, then w from the linear fit is given by
w = /dx g(xT X7 'x) X7 1x f(x),
1
@3 / dx [VXG(xTZ7'x)] f(x),
1
=5 /dx Vi (GxTEZ71%) f(x)) — GxT Z71x) Vi f (%),
® —%/dx GETZ %)V, f(x),
1
© —3 (/ dx G(XTZ‘lx)A(x)) m,
(@) Am,
where A(x) and A are a non-negative diagonal matrices. (a) follows by the
definition of G; (b) follows by using the fundamental theorem of calculus and
(12); (c) follows because f is monotonic with direction m, therefore Vi f(x)
must have the same sign as m and hence can be written as A(x)m; (d) follows
because —G is non-negative. Thus all the non-zero components of w have the

same sign as m and the theorem follows. Note that if for each ¢ and some € > 0,
|G(xTX1x)A;;(x)| > € holds in some set of measure greater than zero, then

5 Note that for the classification case this restriction is vacuous as |f(x)| = 1.

11



every component of w will be non-zero. Certainly this will be the case if f;(x;)
is non-constant for all x in a compact set of positive probability.
For the classification case, (13) gives

. i) g © g
(o) _TMu ! Ty—1,y T y—1
w; Y 5 /dx [/_00 6:0,~G(x X 'x) /ff(x’) 6:c,~G(X X 'x)

(i) _ml-/dxl G(XTE_IX)|Z.:f::(x')
(_C) )\im,’

where A; > 0. (a) follows by definition of ff(x'); (b) follows by the fundamental
theorem of calculus; and (c¢) follows because G(z) < 0. If ff(x') is bounded on
a compact positive probability set, which will happen if f;(z;) is non-constant
for all x in a compact set of positive probability, then A; > 0, and the theorem
follows. ]
The following lemmas will prove useful in the proof of Theorem 3. Let the
data be {x;,5;}, and let Xy = & SN %;%7, and y; = f(x;) + ¢;- The noise
€; satisfies (5) for regression, and (6) for classification.
Lemma 7 (Expectation of the OLS estimator). Let w* be the OLS esti-
mator and w' be the OLS estimator had the data been noiseless. Then

"(1-2 lassificati
E.jw] = {W,( D) classi c&? ion,
w regression,
where the expectation is with respect to the noise.
Proor: By Lemma 2,

,11\’

w* N E €%,

because w' = &X' Zfil f(x;)%;. Taking expectations, for regression noise we
have E[e;] = 0, and for the flip noise we have E[e;] = —2pf(x;), from which the
lemma follows. ]

Lemma 8 (Covariance of the OLS estimator). Let w* be the OLS estima-
tor, then

UQXJ_VI regression
Cov(w*) = N 1 ’
4p(1 Z\? )Xy classification.
PROOF: Cov(w*) = E [w*])(w* — E[w*])T]. For regression,
x-1 N N x-1
Cov(w*) = = ZZ %% E[ei€;] | =5,
N (z:l j=1 N
(a) U2X 1
= N



where (a) follows because E [e;e;] = 024;;. For classification,

X_1 N N X_l

Covo(w") = == | 30D %% E[(2pf(xi) + &) (2pf (x)) + )] | -
i=1 j=1
») 4p(1—p)Xy'
= N

where (b) follows because f(x;)? = 1 and so using (6) and the independence of
the €;, we get that E[(2pf(x;) + €)(2pf(x;) + €;)] = 4p(1 — p)d;j, from which
the lemma follows. [ |

Lemma 9. Let Yy, Zn be random variables such that Yy i)ZN, and let g be

a continuous function. Then g(Yn) L5 g(Z,,). Further, if Zy is the constant z,
then g need only be continuous at 2.

PROOF: See for example [14]. |

Lemma 10.
P [107T . P [107
Xy — [0 2] Xy — [0 -

PRrooF: The first result follows by the weak law of large numbers because the
fourth order moments are bounded. Since X is invertible, the function X' is
continuous at Xy = Y. Therefore, by Lemma, 9, the second result also holds. B

The following is a well known lemma about the distribution of the OLS
estimator, essentially stating that it has an asymptotically Gaussian distribution.

Lemma 11. The OLS estimator has a distribution that is asymptotically Gaus-
sian, given by

LN

where B is the mean of the estimator, given in Lemma 7 and the covariance
matriz Q is given by Lemma 8. Therefore, B* -2 3. 10.

PROOF: The fact that 8* -£5 N (B, Q) is a standard result, see for example [13].
by Lemmas 8, 10, we have that Q 250, and so 8* i)N([’_],O), implying that
B* £ 3. n

Proof of Lemma 3. Let 3 = E[&X”]. By Lemma 10, X' -£5 3~1. By the weak
law of large numbers, + 3=, f(z:)%; = E[f(x)%], so w' £ X1 E[f(x)%] = w'.
By Lemma 11, w* 25w’ for regression, and w* -2 (1 — 2p)w’ for classifica-
tion. Since w' 25 w!, we therefore conclude that w* 25 w! for regression and
w* £ (1 = 2p)w! for classification. |
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A Some Mahalanobis Densities

We list some Mahalanobis densities, and their associated Mahalanobis distribu-

tion functions.

Name G(z)/g(z) p(x)
Gamma g(z) = Agke—oz A(xTzflx)kefa(xTE_lx)p
; P
i d r(“5)
Density k>—§, p>0, a= W}f’“)
F(%l)pa(d+2k)/2p

RGO RRE

1
. 26_7$ 1 _1lyT -1y
Gaussian  |G(z) = —W N(x; X) = (27T)d/2|2|1/2e ?

—/(d-1)xTX-1x
Exponential |G(z) = —Ae~V (d-1z Avd — 1e
P (@) 2vVxT ¥ -1x

square root d>1
(d-1)"2r(3g)

o [(d)|X/2md/2

Polynomial |g(z) = i AT 1x)p
’ e (1 + az)rtt (1 + axT X -1x)1+1
d d
ratio For integer p > 0: 5 +p>0, ¢> " +p

A 2+p
Gl)=-—3 ;Gi(m), | a=> <@
Gy — Pa=i= Dl a*/>71 (g + 1)I(5)
T (=01t ax)t|T | B 20d20 (4 4 p) (g +1— 4 —p)

7

ZA,':]., ZA,’OQ':]., a; >0, A; >0

gi(z) are Mahalanobis

Linear G(z) = Z Aia?/zGi (o) Z Aia;.i/2+1gi (ixT X7 1x)

combination|G;(x) are Mahalanobis

14
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