1 Kuratowski theorem

Definition 1 A subgraph H of a graph G which is a subdivision
of K5 or K33 is called a Kuratowski graph.

Theorem 1 Every non-planar graph contains a Kuratowsk: sub-
graph.

The Idea of a Proof.

If the theorem is incorrect, let us take a smallest graph for which it
fails. Thus, G is the smallest non-planar graph without Kuratowski
subgraphs.

If e = xy is an edge in G, then we form a new graph H by “con-
tracting” e into a vertex z, which is adjacent to all vertices that were
adjacent to at least of one of x and y. It turns out that such an
operation does not create Kuratowski subgraphs (must be proved),
thus by minimality of GG, graph H is planar.

Let us assume (must be checked if this can always be done) that
an embedding of H — z contains a face bounded by a cycle C', which
contains all vertices adjacent to z. Then, the graph G has an “al-
most” plane embedding, where the only non-plane section is the edge
e = zy all of whose neighbors lie on cycle C' = z125...2;. Obvi-
ously, the way x and y are adjacent to the vertices of C' creates the
non-planarity of G. Analyzing the pattern of these adjacencies, we
may find Kuratowski subgraphs in G.



2 Proof of Kuratowski’s theorem

Definition 2 A minimal non-planar graph is a non-planar
graph F' such that every proper subgraph of F' is planar.

Lemma 1 For every face of a given plane graph G, there is a
drawing of G for which the face is exterior.

Lemma 2 FEvery minimal non-planar graph is 2-connected.

Proof. If GG is disconnected, then by minimality, each component
of G is planar, and the whole graph is planar, since we can embed
every next component inside a face of the embedding of the previous
component (under some ordering of the components).

Let G have a cut-vertex x and let G1,Go, ..., G, be the connected
components of G — z. Let H; be the subgraph induced on V(G;) U
{z}. By minimality of G, each H; is planar. Let us embed each
H, so that vertex x is in the outer face and then squeeze H; into
an angle < 27/t at vertex . Combining those embeddings together
yields an embedding of G.




Definition 3 Let S be a separating set of a graph G and G4, . .., Gy
be the connected components of G —S. The lobes of S in G are
subgraphs Hy, ..., H; that are induced on V(Gy) U S,V (Gsy) U
S,...,V(Gy) U S, respectively.

Lemma 3 Let S = {z,y} be a separating set of G. If G is non-
planar, then at least for one lobe H;[S], adding edge vy creates
a non-planar graph.

Proof. Suppose for every lobe H;, graph H;" = H; U zy is planar
(i =1,...,t). Then, there is an embedding of H;" for which zy is in
the outer face. Then we create an embedding of G by attaching each
next H;; to an embedding of Uj_ H;", where H}, | is embedded into

the face that contains zy.



Lemma 4 Let G be a graph satisfying the following three con-
ditions: 1) G doesn’t contain a Kuratowski subgraph; 2) G is
non-planar; and 3) among the graphs satisfying (1) and (2), G
has the smallest number of edges.

Then G 1s 3-connected.

Proof. The condition (3) implies that the removal of any edge vio-
lates either (1) or (2). Since it cannot create a Kuratowski subgraph,
the removal of any edge creates a planar subgraph of G. Thus, G is
a minimal non-planar graph.

By Lemma 2, GG is at least 2-connected. Suppose G is not 3-connected,
and let S = {x,y} be a separating set. Then by Lemma 3, adding
edge xy to some S-lobe yields a non-planar graph. Let H be that
lobe and H" = H U {xy}. Since H" is non-planar and has fewer

edges than G does, H™ must contain a Kuratowski subgraph, say
K C H'. Let H' be an S-lobe different from H.

Find a path P connecting x and y in H'. Now, we replace edge xy
in K with P. Clearly, K — xy U P is a Kuratowski subgraph of
G. The contradiction at least for one lobe H;[S], adding edge xy
creates a non-planar graph. implies that G has no 2-cut, i.e. G is
3-connected.



Definition 4 The operation of contraction of an edge e =
(x,y) of a graph G removes e, x andy from the graph, and adds
a new vertex z, which is adjacent to any old vertex u iff u was
adjacent to at least one of x ory. The resulting graph is denoted

G/(z,y).

Lemma 5 Every 3-connected graph G with at least five vertices
has an edge e such that G /e is 3-connected.

Proof. Take any edge e = xy and assume G/e is not 3-connected.
Then G/e has a separating set S of size 2. Since G is 3-connected,
S contains the vertex replacing x and y. Let z be the other vertex.
Then, {z,y, 2z} is a 3-separating set of G.

C D

i

-1

[f G' has no edge whose contraction yields a 3-connected graph, every
edge xy has a vertex z, call it a partner, such that the removal of
x,y and z disconnects the graph.

Among all edges of G, we take edge xy and a partner z whose removal
from G creates the largest connected component C. Let D be the
other component of G — {z,y, z}.

Since {x,y, z} is a minimal separating set of GG, each of the vertices
x,v, z has neighbors in C' and in D. Let u € D be a neighbor of z.
and let v be the partner of edge zu.
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By definition, G — {z,y, z} is disconnected. If v is outside of set
V(C) U {x,y}, then the removal of {z,u,v} creates a connected
component which is larger than C', contradicting the choice of C'.
On the other hand, if v € V(C) U {z,y}, then the removal of z,v
disconnects G, contradicting the fact that G is 3-connected. This
completes the proof.

C D ) C b
I T , g
X © X
21—@ : —@ O
. H s
V: Y

------
----uu...."" N
--------------------------------




Lemma 6 If G/e has a Kuratowski subgraph, then G has Ku-
ratowsk: subgraph.

Proof. Let H be a Kuratowski subgraph of G//e, where e = xy and
let z be the vertex of obtained from contracting zy.

If 2 ¢ V(H), H is a Kuratowski subgraph of G.

If z € V(H) is one of the vertices used to subdivide an edge in Kj,
or K33 to obtain H, then replacing z with x, or y, or zy yields a
Kuratowski subgraph of G.

If 2 € V(H) and among the edges incident to z at most one is
incident to x (resp. y) (this must happen if H is a subdivision of
K33), then replacing z with y (resp. with x) reveals a Kuratowski
subgraph in G.

Finally, let H be a subdivision of K5, and z be adjacent to four edges,
two of which are adjacent to x and the remaining two are adjacent
to y. Let up and wus (resp. v1 and vy) be the two vertices of degree 4
in A that are connected with z through the two edges incident to x
(resp. ). In this case, we find a subgraph of G which is a subdivided
K3 3: vertices up, ug, and y form one partition of the subgraph, and

v1, 9, and x form the other; the paths connecting them are those
from H.
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Theorem 2 Every graph without Kuratowski subgraph is pla-
nar.

Proof. Because of lemma 3, we can consider 3-connected graphs
only. We prove the Theorem by induction on n the number of vertices

of G.

Base. If n < 4, the the only 3-connected graph is K, which is
planar.

Inductive Step. Let n > 5 and e = zy be an edge such that
H = G /e is 3-connected.
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