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Abstract

This paperdescribescomputervision algorithmsto as-
sist in retinal laser surgery, which is widely usedto treat
leading blindnesscausingconditionsbut only has a 50%
successrate, mostlydue to a lack of spatial mappingand
reckoning capabilities in current instruments. The novel
techniquedescribedhere automaticallyconstructsa com-
posite(mosaic)image of the retina from a sequenceof in-
completeviews. This mosaicwill be usefulto opthalmol-
ogists for both diagnosisand surgery. Thenew technique
goesbeyond publishedmethodsin both the medical and
computervision literatures becauseit is fully automated,
modelsthe patient-dependentcurvature of the retina,han-
dleslargeinterframemotions,anddoesnot requirecalibra-
tion. At theheartof thetechniqueis a 12-parameterimage
transformationmodelderivedby modelingthe retina as a
quadratic surfaceand assuminga weakperspectivecam-
era, and rigid motion. Estimatingthe parameters of this
transformationmodelrequires robustnessto unmatchable
image featuresandmismatchesbetweenfeaturescausedby
large interframemotions. The describedestimationtech-
nique is a hierarchy of modelsand methods: the initial
match set is prunedbasedon a 0th order transformation
estimatedusinga similarity-weightedhistogram; a 1st or-
der, affine transformationis estimatedusing the reduced
match setand least-medianof squares; and the final, 2nd

order, 12-parametertransformationis estimatedusing an
M-estimatorinitialized from the 1st order results. Initial
experimentalresultsshowthemethodto berobustandac-
curatein accountingfor theunknownretinal curvature in a
fully automaticmanner, while preservingimagedetails.
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1 Intr oduction
Medical applicationsof computervision have received

increasingattentionover the pastseveral years. Many of
theseapplicationsarein MRI andCT imageanalysis[20],
while othersarein roboticsurgery[27], andin surgicalplan-
ning andvisualization[11]. Oneapplicationareawherethe
developmentof 3-D computervision techniqueshasbeen
lesssubstantial,but wheretheneedis great,is in opthalmol-
ogy. This paperconsiderstheparticularproblemof retinal
lasersurgery.

Retinal laser surgery, currently done manually, is a
proven treatmentfor leadingblindness-causingconditions
[17, 22], including age-relatedmaculardegeneration[19],
degenerative myopia, and diabetic retinopathy, affecting
over24million peoplein theUSalone[21, 31]. Whendiag-
nosingtheseconditions,theretinais imagedin two spectral
channels.Onechannelimagestheretinain thevisiblespec-
trum, while the other imagesthe layer beneaththe retina
in the near-infrared using a fluorescentdye (Indocyanine
Green[14]). Using both typesof imagery, physiciansare
able to delineatepathologicalregions for subsequentsur-
gical laserphotocoagulation.This surgical proceduremust
be doneaccurately, without damagingvital healthytissue,
without missingpathologicaltissue,andwithout overexpo-
sure[22]. Althoughlaserretinalsurgeryis themostwidely
usedtreatmentfor theaboveconditions,thecurrentsuccess
rateis below 50%for thefirst treatment,with a recurrence
and/orpersistencerateof about50%.Eachre-treatmentalso
hasa 50%failurerate,with visual recovery decliningwith
successive treatments[31]. Thesefailurescanbe tracedto
the manualnatureof the surgery, and the lack of spatial
reckoningaidsin theclinical instrumentation.It is difficult
for the physicianto developa completeview of the retina,
to respondquickly to patienteyemovementswhich cannot
be completelystoppedduring surgery, andto measureop-
tical dosagequantitatively. The compellingneedto mini-
mizeinvasivenessimpliesthatcomputervisionmethodsare
preferablefor addressingtheaboveproblems[29].



Figure1: Threeexample1024 � 1024imagesof theretinasurfaceshowing relatively little overlapbetweenthem.

We are developing a two-phasecomputervision sys-
tem to assistphysiciansduring diagnosisandretinal laser
surgery. PhaseI, coinciding with the physician’s explo-
rationfor diagnosis,involvesconstructingahigh-resolution
wide-areamosaicof the retina. PhaseII, coinciding with
surgical treatment,involvesreal-timetracking of the pro-
jected position of the laser on the retina and comparing
this againstphysician-delineatedregionsof surgical inter-
est.Trackingresultswill beusedto calculatedosimetryand
to turn the laseron or off asappropriate.The focusof the
currentpaperis on the mosaicconstructedduring PhaseI
and usedas a spatialreferencemap during PhaseII. The
imagematchingtechniquedevelopedfor mosaicconstruc-
tion will alsobe usedaspart of a multistage,hierarchical
trackingalgorithm.

Although the problem of constructinga compositeor
“mosaic” image from image sequenceshas beenstudied
heavily over the pastdecadein both the computervision
[15, 26, 25] andbiomedicalliteratures[18, 5, 9], theprob-
lem of automaticallyconstructinga high-resolutionmosaic
from a retinal imagesequenceraisestwo major issuesre-
quiring novel techniques:� An appropriateinter-imagetransformationmodelmust

be foundfor mappingindividual imagesonto themo-
saic imageframe. This model must accountfor the
curvedsurfaceof theretina,therelatively generalrigid
motion possible,and the inherentlack of calibration
becausetheopticsof eachindividualretinachangesthe
effectiveopticsof thecamera.Wewill demonstratethe
needfor a second-ordertransformationmodel which
we derivehere.� A new techniqueis neededto estimateparametersof
the transformationmodel. Becauselarge eye move-
mentsarepossible,theremaybeaslittle as40%over-
lap betweenimages. This implies that feature-based
techniques[28, 30] shouldbeusedinsteadof intensity-
basedmethods[3, 6], but moreimportantlyit indicates
thatrobustnessto largenumbersof mismatchesandun-
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Figure2: Two views of theretina.

matchablefeaturesmust be central to the estimation
technique.

Investigationof theseissuesformstheheartof thepaper.

2 ImageTransformation Model
Theretinalsurfaceis almostbut notquitespherical,mak-

ing a quadricor evena quadraticmodel,intuitively, a good
approximationto its shape.Duringdiagnosisandsurgery, a
patient’spupil is dilatedandhis/herforeheadis heldagainst
a harness.Small shifts in headpositionare likely, induc-
ing translationsand rotationsof the eye. Eye movements
themselves,not significantly constrainedduring diagnosis
or surgery, arealmostexclusively rotationalandcanoccur
abouttwo axesat ratesof up to 180� per second.Signifi-
cantly, neitheraxisof rotationis theopticalaxis. The fun-
duscamerathroughwhich theretinais viewedis fixedand
produceshigh-resolution,1024 � 1024images(Fig. 1). To-
gether, the foregoing observationsimply that the apparent
motion of the retinashouldbe modeledasa generalrigid
motion. (They alsoimply, however, thatsomecomponents
of themotion— rotationaboutthecamera’s opticalaxisin
particular— will be small.) This generalitysuggeststhat
thecurvednatureof theretinasurfaceshouldbetaken into
accountin the inter-imagetransformationmodel and that
transformationmodelsbasedon a planarsurface[1, 6] will
be insufficient. We confirm theseintuitions by deriving a



Figure3: Examplesshowing visually the transformationerror obtainedusinga 0th order— imagetranslationonly — model(left), the
affine model(center),andthequadraticmodel(right).

transformationmodel for a quadraticsurfaceimagedby a
weakperspectivecameraandby comparingit to modelsfor
planarsurfaces.

Considertwo imagesIp � p 	 andIq � q 	 of a quadraticsur-
face(theretina)takenby weakperspectivecamerasCp and
Cq (Fig. 2). Let 3 � 3 rotationmatrix 
 and3 � 1 vector t
definetherigid transformationbetweencameraviewpoints.
Thetransformationmaybedueto movementof thesurface.
Let � X � Y � Z 	 T be a point on the surfacein the coordinate
systemof cameraCp having theZ axisalignedwith theop-
tical axis,sothatp � � x � y	 T � s� X � Y 	 T . Write thequadratic
surfaceequationas

Z � � 1 � X � Y 	�
 � 1 � X � Y 	 T � (1)

with 
 a 3 � 3 symmetric parametermatrix. Also, let� X ��� Y ��� Z ��	 T describethesamepoint as � X � Y � Z 	 T but in the
coordinatesystemof Cq, sothatq � � x� � y� 	 T � s� � X � � Y � 	 T .
Then,becauseof therigid transformation�

X �
Y ��� � �

r11 r12 r13

r21 r22 r23���� X
Y
Z

���� �
tX
tY �

where the r i j are components of 
 . Substituting� 1 � X � Y 	�
 � 1 � X � Y 	 T for Z, thensubstitutingx� s for X, y� s
for Y, x� � s� for X � andy� � s� for Y � , andfinally manipulating
theequationyields

q � Θ x � p 	�� (2)

wherex � p 	 � � 1 � x � y� x2 � xy� y2 	 T andΘ is a 2 � 6 parame-
ter matrix. We only estimatethe12 parametersof Θ rather
thanextractingtheunknown quadraticsurface,camera,and
motion parametersrepresentedby Θ. Equation2 general-
izesthe2D affinetransformationmodelinducedby therigid
motionof a planarsurface[6], which is givenby:

q �"! p

�
t # (3)

Notice that (2) is the second-orderTaylor seriesexpansion
of the generalimage transformationequation,while the

affine model(3) is the first-orderexpansion.The instanta-
neousmotion of a planarsurfaceundera full-perspective
model inducesan 8-parametermodel, whereasthat of a
quadraticsurfaceinducesa17-parameter, non-linearmodel.

The two planarmodelsand the new quadraticmodels
maybecomparedbothnumericallyandvisually. To do so,
we manuallylocateandmatchfeatures(bifurcationsof the
retinalvasculature)in pairsof images.We thenfind theim-
agetransformationparametersfor eachmodelminimizing
thesum-squarederrorbetweenatransformedfeatureandits
match,usingthestandarddeviation of theresidualerror to
measuretransformationmodelaccuracy. Accuraciesin the
range4-5pixelsaretypical for the6- and8-parametermod-
elsinducedby planarsurfacemotionwhereasaccuraciesof
around1.1pixelsaretypical of transformationsinducedby
quadraticsurfacemotion. This is particularlyencouraging
becauseerror in manualfeaturepositionlocalizationis on
theorderof a pixel. We thereforechoosethe12-parameter
model,whichwereferto asthe“quadraticmodel”, for con-
structingretinalmosaics.Thischoiceis confirmedby visual
comparisonbetweentheaffineandquadraticmodelsshown
in Fig. 3(center)and(right). Theadvantageof thequadratic
model can clearly be seennear the white center(the op-
tic disk). Thetransformationestimatedundersimpleimage
translationis alsoshown. The significanceof this will be
explainedin thenext section.

3 Estimating the Transformation
The next stepis developinga techniqueto estimatethe

quadraticmodelparametersfor any pair of imageframes.
The major challengeis handlingpotentiallysmall overlap
betweenimages. This necessitatesuse of feature-based
matchingasthebasisfor estimatingthetransformationand
suggeststhe needfor substantialrobustnessto unmatched
andmismatchedfeatures.

3.1 DetectingVasculature Bifur cations
Lookingat theimagesin Fig. 1, themostprominentfea-

turesarethebloodvesselsandtheirbifurcations/crossovers.
Otherimageregionsareusuallyrelatively featureless.Ad-
ditional featuresappearin pathologicalretinas,but vascular



Figure4: Landmarksdetectedusingtherecursivevasculaturetrac-
ing algorithm.

structureusuallycontinuesto be prominent. We therefore
detectbifurcationsandmatchthemasthebasisfor estimat-
ing theinter-imagetransformation.1

We have developeda recursivevasculaturetracingalgo-
rithm to mapout thebloodvesselstructureanddetectbifur-
cations(“landmarks”) in an image. The algorithm,which
hasbeendescribedin detailelsewhere[8], startsby analyz-
ing the imagealonga coarsegrid to do 1D edgedetection
andgatherimageintensitystatistics.Seedpointsfor tracing
are identifiedandprioritized from a detailedimageanaly-
sis arounddetectededges.Subsequentrecursive tracingis
straightforwardandrapid,with specialcasechecksto detect
bifurcations.An exampleresultis shown in Figure4. The
algorithmrunsat framerateona dualprocessorSGI.

3.2 Hierarchical Estimation Algorithm
Matching bifurcations and estimating the quadratic

transformationrequiresspecialcare. The bifurcationsare
not particularly distinguishablefrom each other locally
becausemany have similar vesselorientationsand back-
grounds.Therefore,the largemotionbetweenframeswith
resulting small image overlap implies that there will be
many different possiblematchesfor eachbifurcation, but
many bifurcationsmayhaveno correctmatchesat all. This
makesthematchingandtransformationestimationproblem
appearmoredifficult thanrelatedrobustmatchingproblems
suchasin fundamentalmatrixestimation[28, 30].

To motivatetheestimationtechnique,we revisit thedis-
cussionandresultsof Sec.2. First,theretinalsurface,while
approximatelyquadratic,is roughly planarover large re-
gions. This explainswhy the affine transformationmodel
yields small error, and suggeststhat an affine model, in-
volving only 6 parametersandrequiringonly 3 correspon-
dences,couldbeestimatedasapreliminarystepto estimat-

1In ongoing work we are studying the possibility of detectingand
matchingpathologiessuchasdrusen,lipid exudates,angioidstreaks,hem-
orrhages,laserscars,andcotton-wool spotsto augmentmatchingof bifur-
cations.

ing the full quadraticmodel. Second,the lack of rotation
aboutthe (eye’s) optical axis implies that the apparentro-
tation in the imagewill not be substantial:rotationsabout
theothertwo axes,eachparallelto theimageplane,produce
apparentmotionsthataredifficult to distinguishfrom image
translationexceptoverbroadimageregions.Third, transla-
tionalmotionof thehead,especiallyalongtheopticalaxisis
likely to besmallenoughthatconvergentanddivergentmo-
tionsin theimageareinsignificant.Thesesecondandthird
pointssuggestthata 0th ordermodelinvolving only image
translationmay be usedasan even cruderinitial approxi-
mationto thetransformation(Fig. 3(a)). Fourthandfinally,
the featuresare relatively sparseand the featuressetsare
relatively small, involving 30-50bifurcations. This makes
practicalthetechniquesdescribedbelow.

Wehavedevelopedahierarchicalmatchingandtransfor-
mation estimationalgorithm basedon theseobservations.
Eachlevel of thehierarchyinvolvesa differenttransforma-
tion modelandestimationtechnique,andtheresultsof one
level areusedasinitial conditionsfor subsequentlevels.

0th Order, Translation: Initially, just a translationvec-
tor, t0, is estimated.This representsthe0th ordertransfor-
mationmodel

T0 � p; t0 	$� p

�
t0 (4)

Let the initial vasculaturebifurcationsetsfrom the two
imagesbedenotedP andQ, with Np andNq pointsrespec-
tively. Forma2D weightedhistogramof translationvectors
with largehistogrambin sizes(e.g.15-20pixelson a side),
andestablishaninitial correspondencesetC0 � P � Q. Re-
strictionscould be placedon the matchesC0, but thus far
this hasnot beennecessary. For each � pi � q j 	&% C0, calcu-
latet i ' j � q j ( pi andenteraweightedvotein thehistogram
bin containingt i ' j . The weight is a similarity measureon
the matchesbasedon similarity in intersectionanglesand
vesselthickness. Figure 5 shows an examplehistogram.
Thepeakof thishistogram,afterlow-passfiltering,provides
the estimatet̂0. A new correspondenceset C1 is formed
by all matchessuchthat t i ' j is within twice the histogram
bin width of t̂0. Somefeatureswill haveseveralcorrespon-
dencesin C1, while otherswill havenone.2

1stOrder, Affine Model: Thenext levelof thehierarchy
estimatesanaffine transformation

T1 � p; !)� t1 	$�"! p

�
t1

using a minor variation on least-medianof squaresalgo-
rithm (LMS) [23]. Let P1 * P containthe featuresfrom
Ip having at leastonematchin C1, andfor eachp % P1 let
C1 � p 	$�,+ q - � p � q 	.% C1 / . Notethatif theoverlapbetween

2Pointsp areconsideredto be comingfrom the imageto be incorpo-
ratedinto themosaic,hencetheasymmetrictreatmentof point setsP and
Q in matching.



Figure 5: Plot of the 2D similarity-weightedhistogramfor one
imagepair.

imagesis small,P1 will bemuchsmallerthanP. TheLMS
estimateof theaffineparametersis� ˆ!)� t̂1 	 � argmin0 ' t1 median

p 1 P1
min

q 1 C1 2 p 354 q ( ! p ( t1 4 2 # (5)

In otherwords,the objective function for a given � !)� t1 	 is
calculatedby finding theminimumdistancematchfor each
transformedp % P1 andthentakingthemedianof theresult-
ing squared(error)distances.This differsfrom otherwell-
known usesof LMS, e.g.in estimatingthefundamentalma-
trix [28, 30], becauseuniquenessin thecorrespondenceset
is not (andshouldnotbe)enforcedyet. Minimization is ac-
complishedthrougha randomsamplingtechnique[10, 23].
To form eachsample,a triple of pointsis selectedrandomly
from P1 andthena matchfor eachpoint p in the triple is
randomlychosenfrom C1 � p 	 . After minimization,a robust
scalevalue,σ̂1, is calculatedfrom � ˆ!)� t̂1 	 usingthemedian
absolutedeviation (MAD) scaleestimator[24]. Note that
both uncertaintyin featurepositionandmodelingerror in
usingtheaffine transformationcontributeto themagnitude
of σ̂1.

2nd Order, Quadratic Model: The final level of the
hierarchyestimatesthequadratictransformation

T2 � p;Θ 	6� Θx � p 	
(seeEqn.2 anddiscussion)usinganM-estimator[12]. We
describefirst a straightforwardinstantiation,andthenshow
severalimportantmodifications.For eachpi % P1, let

qi � argmin
q 1 C1 2 pi 3 4 q ( ˆ! p ( t̂1 4 2 �

i.e. qi is thebestmatchfor pi basedon theestimatedaffine
transformation.ThentheM-estimateof Θ is

Θ̂ � argmin
Θ

∑
pi 1 P1

ρ � 4 qi ( Θx � pi 	 4 � σ̂ 	7� (6)

whereρ is a“robustlossfunction” whichgrowssubquadrat-
ically, and σ̂ is a scaleestimate. Here we usethe Tukey
biweightfunction[4]:

ρ � u	$�98 a2

6 : 1 ( � 1 (,; ua < 2 < 3 = - u -?> a
a2

6 - u -?@ a

whereu � 4 q ( Θx � p 	 4 � σ̂ is a“scalenormalizedresidual.”
(Typically a A 4 # 0 [13].) Equation6 may be solved us-
ing iteratively-reweightedleast-squares(IRLS) [13], with
weightfunctionw � u	$� ρ � � u	B� u, in ourcase

w � u	6� 8 : 1 ( ; ua < 2 = 2 - u -C> a

0 - u -C@ a #
The valueui for eachmatchin eachiterationis calculated
usingthe estimateof Θ obtainedin the previous iteration.
A robuststartingpoint for IRLS is crucial,ashasbeencon-
firmedexperimentallyin vision applications[28].

Severalmodificationsof theestimationequation(6) and
IRLS searchtechniqueareimportanthere:

1. TheM-estimatoris initialized from theaffine estimate� ˆ!)� t̂1 	 andscaleσ̂1. Theseareusedto computeinitial
scalenormalizedresiduals

ui � 4 qi ( ˆ! pi ( t̂1 4 � σ̂1 �
andtheseareusedto computeinitial weightsto beused
in IRLS.

2. A new (MAD) scale,σ̂2, is estimatedfrom the resid-
ualsof thefirst IRLS estimateof Θ andthenfixedfor
theremainingiterations.

3. Becausew � u	D� 0 for residuals (error distances)
greaterthanabout4σ̂2, thereis no needto restrictthe
matchset in (6). The entire original set C0 may be
used,sincematcheswith large error distancessimply
contributezeroweight. (In practice,looserestrictions
areplacedpurely for computationalreasons.)This al-
lows recovery from earlier mistakes in reducingthe
matchset.

4. The robust weightsw � u	 are augmentedin IRLS by
a correspondencesimilarity measureand,whenmore
thanonematchfor agivenp % P hasnon-zeroweight,
theseweightsarenormalized. For example,if � p � q 	
and � p � q ��	 aretwo matchesfor p, with robustweights
w andw� andsimilarity measuressands� , thentheac-
tual IRLS weightswill be:

wEF� sw
sw

sw

�
s� w� ; w� E � s� w� s� w�

sw

�
s� w�



Figure6: Thecombinationof two imageshaving relatively small
overlap basedon the estimatedquadratictransformation. Non-
linearwarpingfrom thequadraticmodelcanbeseenattheedgeof
thetop frame.

In effect, the last two modificationsallow decisionsabout
correspondenceto bedeferreduntil thefinal transformation
is estimated. This differs significantly from other robust
matchingandestimationalgorithms[28, 30], andis amajor
reasonwhy thealgorithmis successful.Correctcorrespon-
dencesaredeterminedto bethosehaving non-zeroweights.
More thanonesuchcorrespondencefor any p indicatesa
lingeringambiguity, which is usuallycausedby mergingof
bloodvesselintersectionsinto asinglefeaturein oneimage
but not in theother. Theseareresolvedandfinal correspon-
dencesfor all featuresareestablishedby minimizing nor-
malizedSSDmeasuresbetweenatemplatecenteredonp in
Ip andregionssurroundingT2 � pi � Θ̂ 	 in Iq. Final estimation
of Θ is basedon thesecorrespondences.

An exampleresultshowing oneimagetransformedonto
asecondbasedon theestimatedquadratictransformationis
shown in Fig. 6.

4 Constructing the CompleteMosaic
Theinterimagetransformestimationtechniqueformsthe

core of the mosaicconstructionalgorithm. In the retinal
surgery application,mosaicconstructionwill be doneon-
line and interactively, with a physicianspecifyingimages
to be addedto the mosaicone frame at a time. This en-
surescompletecoverageand useof good quality images.
Thedatasetshown herewasaquiredundersimilar circum-
stances.

Givenanimage,Ip, to beaddedto themosaicimage(Iq
in the notationthat hasbeenusedthus far), the first step
is estimationof thequadratictransformationandespecially

Figure7: A mosaiccombining10 imageseach1024 � 1024pixels
usingthequadratictransformationmodelandhierarchicalestima-
tion technique.

the final correspondenceset. Next, the intensitiesin Ip are
normalized.Then,theregion of Iq coveredby thetransfor-
mationof Ip is determined.For eachpixel q in this region,
q is inversemappedonto p, the intensity is interpolated
in Ip and,backin the mosaicframe,the resultingvalueis
averagedwith pixels from other imagesthat map onto q.
Sinceinvertingthequadratictransformdirectly is difficult,
a quadratictransformis estimatedfrom thefinal correspon-
dencesbetweenIp andthemosaicframewith rolesof p and
q reversed.This is thenusedfor the inversemapping. In-
correcttransformestimatesmaybeidentifiedby comparing
the (transformed)vasculaturestructureof Ip outputby the
recursive tracingalgorithm(Sec.3.1) to thatof the mosaic
usinga digital distancemap[7]. An examplemosaiccon-
structedfrom 10 imagesis shown in Figure7.

5 Discussionand Conclusions
We have presenteda quadratic image transformation

model and a robust, hierarchicaltechniquefor estimating
the transformationbetweentwo imagesof the retinal sur-
face. Theseform the coreof a methodfor constructinga
wide-area,high-resolutionmosaicof thehumanretina,im-
proving on the mostly 2-D methodsdevelopedto datefor
this application[29, 5], andgoing beyond currentmosaic-
ing methodsin the computervision literature[15, 26, 25].
Improvementsto our techniquearestill possible,however,
andwe arecurrentlyconsideringindexing methods[16] as
a complementto thefirst two levelsof thehierarchy.

High quality retinal mosaicssuch as those shown in
Fig. 7 aredirectly valuablefor diagnosinga varietyof dis-



eases,especiallythoseinvolving theretinalperiphery[18].
Other intendedusesof thesemosaicsaspart of our long-
term goal of developinga two-phasecomputervision sys-
tem to assistphysiciansduring diagnosisandretinal laser
surgeryinclude:treatmentplanning,on-linetreatmentmon-
itoring, spatialdosimetry, errordetection,alarmsandsafety
shutoffs when the laser strays from the intendedtarget,
changeanalysisbetweenpatientvisits, andevenvirtual re-
ality toolsfor surgical simulation.Themosaicconstruction
algorithm, in modified form, can also enhanceemerging
alternativesto classiclasersurgery [2] andbe usedto de-
tectmismatchesbetweensmallimageregionsto flagretinal
bumpsanddetachments.
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