* Type Inference
|

Project Schedule

- - | PO
Tue Oct 22/ Parametric Quiz 3 on Fri | PS6 due Friday
Fri Oct 25 Polymorphism and Lecture Week9 |
Hindley Milner |
Type Ipference |
Tue Oct 29/ Fri | Type inference in Ps7
Nov 1 Haskell Start work on project this week
(or earlier)
Tue Nov 5/ Standard Monads:  Ch. 12 PS7 due Tuesday,
Fri Nov 8 Maybe, List, State, | PS8
10, Continuati |
Tue Nov 12/ Parsing Theory; Ch.12 PS8 due Tuesday
FrNov 15 Parsing with Checkpoint #1: attend office
Monads hours this week (or earlier)
Tue Nov 19/ Functors and Ch.12 |
Fri Nov 22 Applicative | 5-8 min presentation in class
Functors | on Friday
Tue Nov 26 Effectful Ch. 12 Ps9
Programming
Tue Dec 3 TBD | PS9 due Tuesday
Fri Dec 6 | Checkpoint #2: attend office
| hours this week (o earlier)
Tue Dec 10 Project Project due
presentations 5-8 min presentation in class
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Outline

= Simple type inference (last week)

= Expressions, types and type environment

Goal and intuition
Equality constraints
Substitution

Robinson’s unification
Type inference strategies

= Algorithm V (Strategy One) and

= Algorithm V (Strategy Two)
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Outline

= Hindley Milner (also known as Milner Damas)
= Monotypes (types) and polytypes (type schemes)
= Instantiation and generalization
= Algorithm W
= Observations

= Type inference in Haskell
Extends classical system
= Type signatures
= Class constraints
= Implication constraints




‘ Simple Type Inference

Covered last week

Moving on
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:.‘ Type Inference Strategies

Strategy One aka constraint-based typing (Haskell)

Traverse expression’s parse tree and generate constraints.
Solve constraints offline producing substitution map S.
Finally, apply S on expression tyvar to infer the principal
type of expression

Strategy Two (Classical Hindley Milner)

Generate and solve constraints on-the-fly while traversing
parse tree. Build and apply substitution map incrementally
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Constraint Generation

= case E of '
c = TypeOf(g

X -> if (x NOT in Dom(I")) then fail
else ({}, F(x))

eaerk Strategy One

g (G boTu)  lipy
7\ WX ->E; ->let (Ces,Ter) = V(T+H{x:t,},Er) — t, is fresh tyvar
\x Eg T inCetoTe) r /g
(Cer, ) T, berh)
% N Floh]
\% X
X (73, %)
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def V(I, E) = case E of

E1 E; ->let (Ceq,Teq) = V(I,E4)
E (ce/+Csn‘ STeTat, £)(CezTea) = V(F E;)
L /7 ~ oe3 in (Ce1 + Cea+ {Teq ~ Te2 o}, t) - t is fresh tyvar
t c -

1 T
(Cet,Ter) (CerTer)

let x=E; in E; -> let (Cgq,Teq) = V(M +{x:t,},E,)
(Ce2,Te2) = V(M+{x:Te1},E>)
in (Ceq + Cez2+ {tx ~ Teq}, Te2)
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On-the-fly Generation and

* Resolution
def V(I E) = case E of Xig /’W strategy Two
c))

c  -> ([l TypeOfi

X -> if (x NOT in Dom(I")) then fail
else ([, Te)

JL x> Eq ->let (Se1,Teq) = V(T+{x:t:},E1)
Mbs E (5is ut) T (Sen, Se6)>Ten

11

F: L)C'-'\lh( ,-«]
\x Ea_
( Set, Veu )
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def V(I', E) = case E of
Iné E1E2 -> let (Sg1,Te1) = V(I,E4)
(Se2,Te2) = V(SEa(IN),E2)
7N Ser (P) S = Unify(Sgz(Te1), Tez->t)
el g, in (S Se2 Se1, S(1) /'S Sez Sex

(S’a,TEf) (Se,To2)  Need b UbIEY: Sgo(Ter) ~Ter =t

let x = Eq in E; -> let (Sgs1,Te1) = V(M +{x:t,},E1)
S = Unify(Sg+(tx), Te1)
(Se2,Te2) = V(S Sea(MN)+{x:S(Te1)},E2)
in (Se2 S Sg1, Te2)
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+

ty =17 hpplid bt 0 8 hece.

/:z. M»\s/”” (Lt-h1H7, (Bt-ts) =4 )
r=Cp:tf] ([i'm‘—?h/ﬁﬂ ‘bg)
\je > 7 heed b ’i )
2% ﬁﬁfwifu/—ofgwl,eiimf bo [Tubots [6£]
5
(c7,4) (07,24
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i Outline

= Hindley Milner (also known as Milner Damas)
= Monotypes (types) and polytypes (type schemes)
= Instantiation and generalization
= Algorithm W
= Observations

= Back to Haskell
= Type signatures
= Class constraints
= Implication constraints

i Motivating Example

A sound type system rejects some good programs

Canonical example
letf=\x ->x
in
if (f True) then (f 1) else 1

This is a good program, it does not “get stuck”
Term is NOT typable in Simple types
It is typable in Hindley Milner!
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‘ Towards Hindley Milner

letf=\x->x
in
if (f True) then (f 1) else 1
Constraints
t; ~ tot,
t;~ bool—t, // at call (f True)
t;~ int—>t; // at call (f 1)
Does not unify!
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Expression Syntax

‘ (to study Hindley Milner)

Expressions: we can

Ouly ploce <x cov
Eu=c | x| X->E | E4E; | letx=E, hEy

Dyl

There are no types in the syntax (ﬁz 1= owprt lef
fu_u - /) a!:erli
k) :Qo‘fn. v 2= expry
g
> 2 3

The type of each sub-expression is derived by the Hindley
Milner type inference algorithm

Programming in Haskell, A Milanova (from MIT’s 2015 Program Analysis OCW) 19
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‘ Towards Hindley Milner

Solution:

Generalize the type variable in type of f
tr : t1o>t1 becomes t;: Vtr.t1ioty

Different uses of generalized type variables are instantiated
differently

(f True) instantiates tr into us—>u4 (u4 is fresh)
u1—>u4 unifies with Bool—tz, no problem
E.g., (f 1) instantiates t¢ into uz—>u; (u; is fresh)

When can we generalize? 18
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Type Syntax

‘ (to study Hindley Milner)

Types (aka monotypes):
Ti=b |ttt
E.g., Int, Bool, Int>Bool, t1—Int, t1—>t4, etc.

—— tis a type variable

Type schemes (aka polymorphic types):
o:=1| Vte VoM, Vb b=t ariaple as it isn't
E.g.VtuVto.(Intoty)>t—ots bound under ¥

Note: all quantifiers appear in the beginning, T cannot
contain schemes

tz is a “free” type

Type environment now

Gamma ::= Identifiers > Type schemes
Programming in Haskell, A Milanova (from MIT’s 2015 Program Analysis OCW) 20
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Instantiations

Type scheme ¢ =V t4...t,.t can be instantiated into a type ©° by
substituting types for the bound variables (BV) under the
universal quantifier ¥

=81 Sis a substitution s.t. Domain(S) =2 BV(o)

7’ is said to be an instance of ¢ (6 > 7’)

7’ is said to be a genericinstance when S maps type

variables to new (i.e., fresh) type variables
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Generalization (aka

‘ Closing)

We can generalize a type 7 as follows
=

Gen(,7) =Vt,,...t,.t
where {t,...t,} = FV(t) — FV(I")

Generalization introduces polymorphism
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E.g., o=V t1t2.(lnt—>t1)—>t2—>t3
(bt ) ogmty Nt buch L

(’I(A/J- -~ L(3 )ﬂue —)f&

E.g., c = Vt1.t1—)t1
61 -561
ly >l
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*

Quantify type variables that are free in T but are not
free in the type environment I

E.g. Gen([ltiots) yields Yty « 41—

E.g., Gen([x:t2],t1—>t2) yields Vllrio {71“’{'2

Naholes Nataubates ako
Ly
Ut~te ue—ty
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* . -

let f =\x -> x in'if (f True) then (f 1) else 1
1. Infer type for \x -> x : tx—>tx (@ monotype)

2. Generalize type using Gen([],tx—>tx): Vix.tx—>tx (a type

scheme)
[= [7{: fo é)('_;{:ysj

3. Pass type scheme to if (f True) then (f 1) else 1
4. Instantiate for each f in if (f True) then (f 1) elseU'll Sl
[u1/ti] (tx—>tx) where uq is fresh tyvar at (f True) 4500(; te

[u2/ty] (t—>tx) where uz is fresh tyvarat (F1)  w, ~u,
j"l»'f"—’ ém,
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Hindley Milner Type

‘ Inference, Rough Sketch

letx=E,;InE,
1. Calculate type Tgq for Eqin [;x:tx ; Teq1 is @ monotype

2. Generalize free type variables in Tg1to get the type
scheme for Te1 (be mindful of caveat!)

3. Extend environment with x:Gen(I',Te4) and start typing E2

4. Every time algorithm sees x in E,, it instantiates x’s type
scheme using fresh type variables

E.g., id’s type scheme is V t.ti—>t1 s0 id is
instantiated to ux—ux at (id 1)
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When can we generalize? —— rﬁ';

Correct %ﬂ: Lot )=t ot

Consider expression \f->\x->letg=fingx
Gen([f:t,x:t],t) yields what? or Juab ¢

TP we geweralize fiVipt) ih ol lead b type {fqu—ef;L
e terw, which 15 Tecorped . Tt lsa Conuechin.  behocer
7{ md x oud ollow (L7/,njog
(\Jl~a\x—>le¢(7=7[ h ) (1) True . UnSousp.
DO NOT generalize variables that are mentioned in type
environment I'!
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Hindley Milner Type

‘ Inference

Just like with Simple types, there are two strategies

Strategy One
Simple types extended with generalization and instantiation
Generate all constraints, then solve

Strategy Two
Again, simple types with generalization and instantiation
Generate and solve constraints on-the-fly
This is classical Algorithm W
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‘ Example ‘ Strategy Two: Algorithm W
E
T T . 7 110 uy are fresh t ted
\x -> let f = \y > xin (f True, f 1) e {A( N ({—xl éx) def W(T, E) = case E of :t |r?s:|an?ira?ior:50f pﬁfngshgf?f;e
¢ -> ([l TypeOfi(c)
%ﬂl@ Y- X Yields -é‘), —tx x  -> if (x NOT in Domain(I')) then fail
>t M,loig else let T = M(x)
2. @euefabre 9»&‘ 6&4 ([X t.(] % ’< V{o, % h in case Te of f%pe
v t,etnt > ([L[ud/tsun/ts] T D««‘Mﬁde
- e Wb b ot x t. _->([1, Te) U womotupe, refuru
3. Tpe & K r=[f: ¥ gt &1 o> Ey > ot (SenTey) = WIPHt)En)
in (Se1, Se1(t)>Te1)
t,~>bx
4 1! True )  Mbau Kotes sz Z stx b Uy 0Ox
( Beol 2 ..
(,ﬁ 1) fleabouc b aes JVL[(‘/‘- {7(7'—9& o Uy éKAJ Il continues on next slide!
o . Lot sz . .
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:-‘ ‘ Strategy Two Example
def W(T, E) = case E of o let f =\x->x in|if (f True) then (f 1) else 1
Il continues from previous slide
.. 1ieth =1 7,-
Es E; -> let (Se1,Te1) = W(,E1) - S, = = [f: Yyt ty]
= I = [f:t
(Sez Tez) = W(Sen(N).E2) f 2805 3. if-then-else To= int
S = Unify(Se2(Te1), Te2—t) 1 Ty=teot, ~ S:;=...
in (S Se2 Seq, S(t)) S2=1]
let x = Eq in E; -> let (Sgq,Teq) = W(M+{x:t,},E1) 4. App 5. App 1
S = Unify( Sg(tx), Te1) I = [x:tx f:t] - ‘
E1lx)s TE1 T4= bogl Ts=/int
- ax: t X 4 7t ]
-ﬁ G= Gen( S SE1(I'), S(TE1) ) X Sy= [b00|lt4][b00|/U1] S5= [int/ts][int/uy]
Sk, Te2) = W(S Seq(M)+{x:c},E
in ((S Ezsz) T () er(FyHxiohE) No constraint, types 2. Abs
E2 S 91, TE2 immediately: T, = t,ot: [tot/tz] f true f 1
¢ =Gen([],t:ot) = Vi tiot« T=u>u,
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‘ Example

\x ->letf=\y->xin (f True, f1)

Programming in Haskell, A Milanova
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Hindley Milner

‘ Observations

Notes

Do not generalize over type variables mentioned in type
environment (they are used elsewhere)

let is the only way of defining polymorphic constructs

Generalize the types of let-bound identifiers only after
processing their definitions ooy here e eau geussolize % b o o
let §=¢]u o
here bue instaatiodes O,
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Hindley Milner

‘ Observations

Generates the most general type (principal type) for each
term/subterm

Type system is sound

Complexity of Algorithm W
It is PSPACE-Hard because of nested let blocks

Programming in Haskell, A Milanova (from MIT 2015 Program Analysis OCW)
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Hindley Milner Limitations

= Only let-bound constructs can be polymorphic and
instantiated differently

let twice f x = f (f x)
in twice twice succ 4 // let-bound polymorphism
Cbu-oui)—)u[——;ui (Uesur ) Uty
let twice f x = f (f x)
foo g =g g succ 4 // lambda-bound
in foo twice '
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