* Hindley Milner

i So Far

= Simple type inference
= Expressions, types and type environment
Goal and intuition
Equality constraints
Substitution
Robinson’s unification

Type inference strategies

=« Algorithm V (Strategy One) and /Hg e W
= Algorithm V (Strategy Two)
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i Type Inference Strategies

Strategy One aka constraint-based typing (Haskell)

Traverse expression’s parse tree and generate constraints.
Solve constraints offline producing substitution map S.

Finally, apply S on expression tyvar to infer the principal
type of expression

Strategy Two (Classical Hindley Milner)

Generate and solve constraints on-the-fly while traversing
parse tree. Build and apply substitution map incrementally
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Constraint Generation

2 lype euv
def V(T Y= cash E of C"“"M"w " St rategy One
- c > ({} Typegf(c))

7

X -=> if (x NOT in Dom(I")) then fail
else ({}, I'(x))
C I=.. (Cel,fr/”’TEﬂ)

N [lek] _ .
S €, \x ->E; ->let ('CE1,TE1) = V(r+{x:t,},E4) — t, is fresh tyvar

(Cei,ng) in (Ceq,t,>Tey) 13 ( §3, %,-w)

- \x [- ["-’ 627

(2,%)
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def V(I', E) = case E of

Eﬂm Ey E; -> let (Cgq,Tgq) = V(IL,Ey)
ﬁﬁ/rt \a,, (Ce2Te2) = V(ILE))

in (CE1 + CEZ + {TE1 ~ TE2 —)t}, t) --tis fresh tyvar
(

(&l, Te:) (CELITE‘)

let x = E1 in E2 -> let (CE1!TE1) = V! |'+{x:t5t,E1!

lek is letree! (Ce2, Te2) = V(M +{x:Tg4},E2)
in (Cgq + Cea+ {t, ~ Teq}s Teo)

Programming in Haskell, A Milanova (based on MIT 2015 Program Analysis OCW) 5
5
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/.-U/ ’7/ 61\ r7
/.z ﬂj(}’_l’{wll—ai}} tf>,{3) 4 My (;&%4}, w:w)
[=[x:hT
Mg
4 3/7/&3 ( §£;~I»4—>t3§ , 43) x /9 THTut], b )
f s
(314) (324 [Gorts) (%, &) (s?, Lut)
ci $ benTut) LTty (-,{—agg (> Tuk ) 6, G
Uy ot (&) = [Bd/bs, w»h/é;, Tuk[bs , Tt /8]
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i oot [= [prbeots]
ék*éx &N Tut — by
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On-the-fly Generation and
Resolution

Gechat-suaf
def V(T,E)=caseEof /TE]E,‘ Strategy TWO

¢ -> ([l TypeOf(c))

X  -> if (x NOT in Dom(r)) then fail
else ([], F(x))

\x -> Eq -> let (Sg1,Te1) = V(M+{x:t,},E4)
in (Se1, Se1(tx)>Te1)
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def V(I', E) = case E of
Eq1 E2 -> let (SE1,TE1) = V(I',E1)
E (Se2,Te2) = V(Ses(IN),E2)
/ 9&‘( ) S= Unify(852(TE1),TE2—)t)
€, in (S Se2 Se1, S() /'S Se2 Sex

(ge;m) (922,?) Sea (Te1) & Tep =t

let x = E4 in E; -> let (Sgq,Teq) = V(M +H{x:t,},E4)
S= Unify(SE1(tx),TE1)
(Se2,Te2) = V(S Ser(M)+{X:S(Te1)},E2)
in (SEZ S SE1, TEz)
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i Outline

= Hindley Milner (also known as Milner Damas)
= Monotypes (types) and polytypes (type schemes)
= Instantiation and generalization
= Algorithm W
= Observations
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i Towards Hindley Milner

A sound type system rejects some good programs

Canonical example
let f =\x ->x
in
if (f True) then (f 1) else 1

This is a good program, it does not “get stuck”
Term is NOT typable in Simple types
It is typable in Hindley Milner!
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4

let f=\x->x
in
if (f True) then (f 1) else 1
Constraints
t. ~ t,ot,
t;~ Bool—t, // at call (f True)

t;~ Int—t; // at call (f 1)
Does not unify!
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Solution:
Generalize the type variable in type of f
t: : tot4 becomes t:: Vt1.t1—)t1

Different uses of generalized type variables are instantiated
differently

(f True) instantiates t; into uy—u4 (u4 is fresh)
u,—u4 unifies with Bool—t,, no problem
E.g., (f 1) instantiates t; into u,—>u, (u, is fresh)

When can we generalize?
Programming in Haskell, A Milanova (from MIT 2015 Program Analysis OCW) 14

14



Expression Syntax
(to study Hindley Milner)

Expressions: i
E::==c | x| Xx->E; | E4E, | letx=E,inE,

Lef 15 fle flae whefe we
o duee P Mrflam

There are no types in the syntax

The type of each sub-expression is derived by the Hindley
Milner type inference algorithm
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Type Syntax
(to study Hindley Milner)

Types (aka monotypes): _ _
To=b | o1 | t " t is a type variable

E.g., Int, Bool, Int—>Bool, t;—Int, t;—>t4, etc.

Type schemes (aka polymorphic types): t,is a “free” type
6:=1| Vto Vi, ¥ V% variable as it isn't
E.g. ¥t Vo (Intoty) >t,ots bound under ¥

Note: all quantifiers appear in the beginning, T cannot
contain schemes

Type environment now

Gamma ::= |dentifiers > Type schemes
Programming in Haskell, A Milanova (from MIT’s 2015 Program Analysis OCW)
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Instantiations 7. « o () whe
T (e

Type scheme ¢ =V t,...t,.T can be instantiated into a type 1’ by
substituting types for the bound variables (BV) under the
universal quantifier V

=81 Sis a substitution s.t. Domain(S) =2 BV(s)

7’ is said to be an instance of ¢ (6 > 1’) e, Mibac?)
e e Debeested ™ ‘m‘m-

7’ is said to be a generic instance when S maps type
variables to new (i.e., fresh) type variables

us -
Vi, t,- ¢, U3~ 3
bl U
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. 1
E.g. 6 =V tit,.(Int>ty)>t,—>ts
Ploft, 4] =((zunt, ) st~ )a/b,b/b] =

@U———a&)«)[)""g

E.g., c = Vt1.t1—)t1
a-Q
bbb
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Generalization (aka
i Closing) 7w« ¥ (smbe)oha

G’ (a polytype) -

We can generalize a type t as follows

Gen(lN,t) =Vt,,...t.T

_———

where {t,...t,} = FV(r) — FV(I)

Generalization introduces polymorphism
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Quantify type variables that are free in T but are not
free in the type environment I’

E.g., Gen([Ltiot,) yields /&b, ba=ty

E.g., Gen([x:tl,t;oty) yields s, b, — b,

Wabouds che)
Pufo \
uﬂ - 6L az i bz_
= &
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* - :

] - - \1
let f =\x -> x in if (f True) then (f 1) else 1
1. Infer type for \x -> x : t,—>t, (a monotype)
2. Generalize type using Gen([],t,—>ty): Vt..t,—ot, (a type

scheme)
f’; [7@: Véx éx—’éxj
3. Pass type scheme to if (f True) then (f 1) else 1
4. Instantiate for each f in if (f True) then (f 1) else 1
[u4/t,] (t,—>ty) where u, is fresh tyvar at (f True)
[un/t,] (t,—>ty) where u, is fresh tyvar at (f 1)
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i (l//w %']E O%feafx rest.f
T [ 71 —

When can we generalize? (fx_, ty ) -t - {-3 is o topveet /—W)e../
t;
. 1
Consider expression \f->\x->letg=fingx

Gen([f:t,x:t,].t;) yields what? Vé}.ﬁ tf

‘Q'//’W Lo oge(,ug,tn;g_ M §x we ml-aaha#eg SN éx—)ég

Vhapes te e of He tow bt p bigp B>t 1y , sy e
Counechne behoven tf, te aud fo. DF s UNSUL)!

DO NOT generalize variables that are mentioned in type
environment I'!
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Hindley Milner Type
i Inference, Rough Sketch

letx=E,;inE,
1. Calculate type Tgq for E4in I;x:ty ; Teq is @ monotype

2. Generalize free type variables in Tg4 to get the type
scheme for Tgq (be mindful of caveat!)

3. Extend environment with x:Gen(I',Tg4) and start typing E,

4. Every time algorithm sees x in E,, it instantiates x’s type
scheme using fresh type variables

E.g., id’'s type scheme is V t1.t4>t; so id is
instantiated to ux—uy at (id 1)
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Hindley Milner Type

i Inference

Just like with Simple types, there are two strategies

Strategy One

Simple types extended with generalization and instantiation
Generate all constraints, then solve

Strategy Two

Again, simple types with generalization and instantiation
Generate and solve constraints on-the-fly
This is classical Algorithm W
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i Example

Programming in Haskell, A Milanova

\x ->let f=\y ->xin (f True, f 1)
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i Strategy Two:

def W(I', E) = case E of
¢ -> ([, TypeOfic))

else let Tg =M(x)
in case Tgof

...
/I continues on next slide!

Algorithm W

u, to u, are fresh type vars generated
at instantiation of polymorphic type

X -=> if (x NOT in Domain(I')) then fail

Yttty -> ([1[us/ty..un/ta] ©)
_->([; Te)
\x -> E; ->let (Sgq,Tgq) = W(M+{x:t,},E,)
in (Sgq, Seq(t)>Te1)

Programming in Haskell, A Milanova (from MIT 2015 Program Analysis OCW) 26

26

13



def W(I', E) = case E of

Il continues from previous slide
...
Eq E; -> let (Sgq,Teq) = W(T,Ey)
(Se2,Te2) = W(Sg+(IN),E2)
S = Unify(Sga(Te4), Te2—t)
in (S Sgz Sk, S(t))
let x = Eq in E; -> let (Sgq,Tgq) = W(M+{x:t,},E4)
S = Unify( Sgq(ty), Te1)
o = Gen( S Sgy(IN), $(Tg) )
(Se2,Te2) = W(S Sgq(MN)+{x:c},E2)
in (Sg2 S Sgy, Tea)
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i Strategy Two Example

let f =\x->x|in|if (f True) then (f 1) else 1

1.1etl =0 1, =int
Si=... I =[f:Vt .t ot]
I =[f:t] .
f 2. Abs 3. if-then-else Ts=int
T,=t,—t, ~ S3=...
S;=]
= [x:t, f:tg] 4. App 5. Ap,p 1
AX: t X T4=bool Ts=/int
" X S4= [Boolits][bool/us] Sx= [int/ts][int/u;]

No constraint, types 2. Abs
immediately: T, = t,—t,: [t,ot,/t;] f

true f 1
o = Gen([].t,>t) = Vt,.. t,ot,

T=ui>uq

S=1] ’ From Unify(ui—uy, bool—>t4)2$

28

14



i Example

\x ->let f=\y ->xin (f True, f 1)
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Hindley Milner
i Observations

Notes

Do not generalize over type variables mentioned in type
environment (they are used elsewhere)

let is the only way of defining polymorphic constructs

Generalize the types of let-bound identifiers only after
processing their definitions
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Hindley Milner
i Observations

Generates the most general type (principal type) for each
term/subterm

Type system is sound

Complexity of Algorithm W
It is PSPACE-Hard because of nested let blocks
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i Hindley Milner Limitations

= Only let-bound constructs can be polymorphic and
instantiated differently

let twice f x = f (f x)
in twice twice succ 4 // let-bound polymorphism

let twice f x = f (f x)

foo g = g g succ 4 // lambda-bound
in foo twice
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