Proofs



Reading

@ Rensselaer

e Malik Magdon-Ismail. Discrete Mathematics and Computing.
— Chapter 4




Today

@ Rensselaer

* Proving “IF ..., THEN ...”

* Proof patterns
— Direct proof
— Proof by contraposition
— Proof by contradiction

* Proofs about sets




Implications: reasoning in the absence of facts @ Rensselaer

Reasoning:
— It rained last night (fact); the grass is wet (“deduced”).

Reasoning in the absence of facts:
— IF it rained last night, THEN the grass is wet

We like to prove such statements even though, at this moment, it is not much use
— Later, you may learn that it rained last night and infer the grass is wet

More relevant example from CS:
IF we can quickly find the largest friend-clique in a friendship network,

THEN we can quickly determine how to assign non-conflicting frequencies to radio
stations using a minimum number of frequencies




Implications, cont’d ®) Rensselaer

* Mathematical example, quadratic formula:

e IFax?+ bx +c=0ANDa # 0, THEN

X = —b+Vb2—-4ac or x —b—Vb2—-4ac

2a 2a




Proving an implication @) Rensselaer

* IF x and y are rational, THEN x + vy is rational

— What are the predicates p and g?
p = x and y are rational
q = x + yis rational

P9 | pP—q

— Formally, we write this as
V(x,y) EQ*(x+y) €Q
—ie,Px,y)=(x+y)€EQ
* Proof:
— We must show that the row p = T, g = F cannot happen

Slal= =
Sl |s =
R

— Let’s see what happensifp =T, i.e., (x,y) € Q?
x=%,y=§,wherea,cEZandb,d €N

* Whatisx + y?

ad+bc

a C
= — - = i ?
xty=,+- T Is that number rational?

— Yes,ad + bc € Z,bd € N
* i.e,,q =T (therowp =T, q = F cannot happen!) QED.




Template for direct proof of an implication p — q @) Rensselaer

* Proof. We prove the implication using a direct proof.

Start by assuming that the statement claimed inp is T

Restate your assumption in mathematical terms

Use mathematical and logical derivations to relate your assumption to q
Argue that you have shown that g must be T

Al A

End by concluding that q is T




Formal proof example @) Rensselaer

* Theorem:Ifx,y € Q,thenx+y € Q

* Proof. We prove the theorem using a direct proof.

1. Assumethatx,y € Q, thatis x and y are rational

2. Then there are integers a, ¢ and natural numbers b, d such that x = a/b and
y=c/d
. (because this is what it means for x and y to be rational)

3. Thenx+y = (ad + bc)/bd
 (high-school algebra)

. Sincead + bc € Z and bd € N, (ad + bc)/bd is rational
5. Thus, we conclude (from steps3and 4)thatx + y € Q




A proof is a mathematical essay ®) Rensselaer

e A proof must be well written
— The goal of a proof is to convince a reader of a theorem
— A badly written proof that leaves a reader with some doubts has failed




Steps for Writing Readable Proofs

@ Rensselaer

1.

2.

3.

4,

State your strategy.
—  Start with proof type.
—  Structure long proofs into parts and tie up the parts at the end.
—  Readers must have no doubts.

The proof should have a logical flow.

— ltis difficult to follow movies that jump between story lines or back and forth
in time.

— Avreader follows a proof linearly, from beginning to end.
Keep it simple.
—  Make the idea at the heart of your proof clear.

— Avoid excessive symbols and unnecessary notation.

Justify your steps.
—  The reader must have no doubts.
— Avoid phrases like “It’s obvious that ... ” If it is so obvious, explain.

End your proof. Explain why what you set out to show is true.

Read vour proof. Finally, check correctness; edit; simplify



Example: direct proof ®) Rensselaer

* Theorem: Let x be any real number, i.e., x € R. IF 4* — 1 is divisible by 3, THEN
4*+1 _ 1 js divisible by 3.

* What are the predicates p and g?
p = 4* — 1is divisible by 3
g = 4**t1 — 1 is divisible by 3
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Example: direct proof ®) Rensselaer

* Theorem: Let x be any real number, i.e., x € R. IF 4* — 1 is divisible by 3, THEN
4*+1 _ 1 js divisible by 3.
* Proof: We prove the claim using a direct proof.
1. Assume that p is T, thatis 4* — 1 is divisible by 3.

2. This means that 4* — 1 = 3k for an integer k, or that
*=3k+1

3. Observe that 4**1 = 4 x 4%, Using 4* = 3k + 1,
4%t = 4Bk +1) =12k + 4
4. Therefore
4**t1 1 =12k + 3

— 3(4k + 1)
is a multiple of 3 (4k + 1 is aninteger)
5. Since 4**1 — 1 is a multiple of 3, we have shown that 4**1 — 1 is divisible by 3

6. Therefore, the statement claimedinqisT

* Question: Is 4* — 1 divisible by 3?
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We made no assumptions about x! ® Rensselaer

P(x): “IF 4* — 1 is divisible by 3, THEN 4**1 — 1 is divisible by 3”

* Since we made no assumptions about x, we proved:
Vx € R: P(x)

Exercise:

Prove: For all pairs of odd integers m, n, the sum m + n is an even integer
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Disproving an Implication @) Rensselaer

IFx% > y% THEN x > y
— What arep and ¢?

p=(x*>y?
q=(x>y)
* |s this statement true or false?
* False!
* Counter example: x = =8,y = —4
p:64 = x?>vy2 =16
qg:—8=x<y=-4 p q pP—q
* Therowp =T, g =F has occurred! FF T
* Asingle counter-example suffices to disprove an implication i E E
T 7 T
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Contraposition

@ Rensselaer

IF x2 is even, THEN x is even
— What arep and q?
p = (x? is even)
q = (x is even)
Proof: We must show that the row p =T, g = F can’t happen

Let us see what happensif g =F

— Ifxisodd, x =2k + 1

— Thenx? = 4k? + 4k + 1

—i.e, x? = 2(2k? + 2k) + 1 (x% is odd!)
That meanspisF

— Therow p =T, g = F cannot occur!

— The implication is proved

p—q

SR

55|

—
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Template: Contraposition Proof of an
Implication p —» g

@ Rensselaer

* Proof. We prove the theorem using contraposition.

Start by assuming that the statement claimed in g is F.

Restate your assumption in mathematical terms.

Use mathematical and logical derivations to relate your assumption to p.
Argue that you have shown that p must be F.

Al A

End by concluding that p is F.
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Example Contraposition Proof of an
Implication p —» g

® Rensselaer

» Theorem: If x? is even, then x is even.

* Proof:
1.
2.

3.

4.
5.

Assume x is odd

Then x = 2k + 1 for some k € Z (definition of what it means for x to be odd)
Then x% = 2(2k? + 2k) + 1 (high-school algebra)

Which means x2 is 1 plus a multiple of 2, and hence is odd

We have shown that x? is odd, concluding the proof. QED.

* Exercise: Prove: IF x is irrational, THEN /x is irrational
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Equivalence: ... IF AND ONLY IF ... ®) Rensselaer

p and g are equivalent means they are either both T or both F

» We write (p IFAND ONLY IF g)or (p © q)

. : . P q|pq
* You are a US citizen if and only if you were born - -
on US soil F T P
— (This is not an equivalence according to current US law) T F F
 Sets Aand B areequal ifandonlyif A€ BandB S A ot B

* Integer x is divisible by 3 if and only if x? is divisible by 3

* To prove p © q is T, you must prove:
— Row p =T, g = F cannot occur: thatisp — q
— Row p =F, q = T cannot occur: thatisq = p
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Integer x is divisible by 3 IF AND ONLY IF x? is
divisible by 3

@ Rensselaer

e What are p and g?
p = (x is divisible by 3)
g = (x? is divisible by 3)

* Proof. The proof has two main steps (one for each implication):

1. Prove p — q: IF x is divisible by 3 THEN x? is divisible by 3
— We use a direct proof
— Assume x is divisible by 3, so x = 3k forsome k € Z
— Then x? = 9k?
— i.e., x? = 3 X (3k?), so it is divisible by 3

20




Integer x is divisible by 3 IF AND ONLY IF x? is
divisible by 3

@ Rensselaer

« What are p and q?
p = (x is divisible by 3)
g = (x? is divisible by 3)
* Proof. The proof has two main steps (one for each implication):

2. Prove q - p: IF x?% is divisible by 3 THEN x is divisible by 3
— We use contraposition. Assume x is not divisible by 3. Then there are 2 cases:
— Casel:x=3k+1
e je,x?=9k*+6k+1=3k(3k+2)+1
 (still not a multiple of 3)
— Case2: x =3k + 2
c e, x?=9k%*+12k+4=3(3k?+4k+1)+1
 (still not a multiple of 3)
— In both cases x? is not divisible by 3. QED.
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...IF AND ONLY IF... Proofs ® Rensselaer

* |F AND ONLY IF proof contains the proofs of two implications

* Each implication may need to be proved differently
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Contradictions ©® Rensselaer

* Example contradictions
1=2
n? < n (for integer n)
x| < x
pA-p
e Contradictions are FISHY. In mathematics you cannot derive contradictions.

* Principle of Contradiction: If you derive something FISHY, something’s wrong with
your derivation.
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Contradictions, cont’d ©® Rensselaer

* Look at this argument
1. Assume /2 is rational.
2. This meansv2 = a, /b,
* Here b, is the smallest denominator (well-ordering)
3. Thatis, a, and b, cannot have 2 as a common factor
We have: 2 = a?/b?
e i.e., a? = 2b?iseven
* i.e., a, = 2k is even [we proved this]
5. Therefore, 4k? = 2b?, so b2 = 2k?
* Hence b, is even
6. Hence, a, and b, are both divisible by 2. (FISHY)

* What could possibly be wrong with this derivation? It must be step 1

24




Template: Proof by Contradiction pis T

@ Rensselaer

* You can use contradiction to prove anything
— Start by assuming it’s false.

* Powerful because the starting assumption gives you something to work with
* Proof.

1. To derive a contradiction, assume thatp is F

2. Restate your assumption in mathematical terms

3. Derive a FISHY statement — a contradiction that must be false
4.

Therefore, the assumption in step 1 is false,and pis T
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Template: Proof by Contradiction p is T, cont’d @) Rensselaer

 DANGER: Be especially careful in contradiction proofs! Any small mistake can easily
lead to a contradiction and a false sense that you proved your claim.

* Exercise: Let a, b be integers. Prove that a® — 4b # 2.

26




Proofs about Sets ©® Rensselaer

* Venn diagram proofs:
— Eg,AUBNC)=(AUB)N(AUC)

@ @ @ &

BNC AU(BNO) AUB
(AUB) (AUO)

* Formal proofs:
— One set is a subset of another, A € B:
e xXEA-XEBRB
— One set is a not a subset of another, A € B:
e dx € A:x & B
— Two sets are equal, A = B:
e XEA—XEBRB
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Proofs about Sets, Exercise @ Rensselaer

« A = {multiples of 2}
* B = {multiples of 9}
* C = {multiples of 6}
* ProvethatANB S C

e What is common about the elements of A and B?
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Picking a Proof Template

@ Rensselaer

Clear how result follows from assumption
— Direct proof

Clear that if result is false, the assumption is false
— Contraposition

Prove something exists
— Show an example

Prove something does not exist
— Contradiction

Prove something is unique
— Contradiction

Prove something is not true for all objects
— Show a counter-example

Show something is true for all objects
— Show for general object
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Practice @ Rensselaer

* Exercise 4.8

30
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