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Reading

• Malik Magdon-Ismail. Discrete Mathematics and Computing.

– Chapter 2
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Overview

• Discrete Objects

– Sets

– Sequences

– Graphs

• Proof

– In 4 rounds of the speed-dating app, no one meets more than 12 people

– 𝑥2 is even “is the same as” 𝑥 is even

– Among any 6 people is a 3-clique or 3-war

– Axioms. The Well-Ordering Principle

– 2 is not rational
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Sets

• Collection of objects without duplicates, order does not matter: 
𝐹 = 𝑓, 𝑜, 𝑥 = 𝑓, 𝑓, 𝑜, 𝑥
𝑉 = 𝑎, 𝑒, 𝑖, 𝑜, 𝑢
∅ = {}

𝐹 ∩ 𝑉 =? ; 𝐹 ∪ 𝑉 =?
𝐹 ∩ 𝑉 = 𝑜 ; 𝐹 ∪ 𝑉 = 𝑎, 𝑒, 𝑓, 𝑖, 𝑜, 𝑢, 𝑥

ത𝐹 = {𝑥|𝑥 ∉ 𝐹} =? (trick question)

ത𝐹 = {𝑎, 𝑒, 𝑖, 𝑢} (assuming universe is 𝐹 ∪ 𝑉)

• Famous sets

– natural numbers ℕ = {1,2,3,4,5, … }

– integers ℤ = {0,±1,±2,±3,… }

• What is “. . .?”

– You should provide enough information so that it is clear
𝐸 = {2, 4, 6, 8, 10, 12, . . . }
𝐸′ = {2, 4, 6, 8, 10, 13, . . . }

4

14, 16, …

huh?



Sets, cont’d

• Can define sets without "… "
𝐸 = 𝑛 𝑛 = 2𝑘; 𝑘 ∈ ℕ}

– What is 𝐸?

– All even numbers, i.e., 𝐸 = {2,4,6, … }
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Sets, cont’d

• Can define sets without "… "
𝐸 = 𝑛 𝑛 = 2𝑘; 𝑘 ∈ ℕ}

– What is 𝐸?

– All even numbers, i.e., 𝐸 = {2,4,6, … }

• Rational numbers ℚ = 𝑟|𝑟 =
𝑎

𝑏
, 𝑎 ∈ ℤ, 𝑏 ∈ ℕ

• Subset 𝐴 ⊆ 𝐵

– every element of 𝐴 is in 𝐵

∅ ⊆ 𝐴, for any 𝐴
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Sets, cont’d

• Power set 𝒫 𝐴 = {𝑎𝑙𝑙 𝑠𝑢𝑏𝑠𝑒𝑡𝑠 𝑜𝑓 𝐴}

• Suppose 𝐴 = {𝑎, 𝑏}. What is 𝒫(𝐴)?

𝒫 𝐴 = ∅, 𝑎 , 𝑏 , 𝑎, 𝑏

• Set equality, 𝐴 = 𝐵 means 𝐴 ⊆ 𝐵 and 𝐵 ⊆ 𝐴

• Set operations: 

– Intersection: 𝐴 ∩ 𝐵

– Union, 𝐴 ∪ 𝐵

– Complement: ҧ𝐴

• Venn Diagrams are a convenient way to represent sets
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Sequences

• List of objects: order and repetition matter
𝑡𝑎𝑝 ≠ 𝑡𝑎𝑎𝑝 ≠ 𝑎𝑡𝑝

• We are mostly concerned with binary sequences composed of bits (ASCII code)
𝑡 𝑎 𝑝

01110100 01100001 01110000
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• Friendships between Alice, Bob, Charles, David, Edward, Fiona:

• Each vertex/node in the graph corresponds to a person
𝑉 = {𝐴, 𝐵, 𝐶, 𝐷, 𝐸, 𝐹}

• Each edge between nodes means those people are friends
𝐸 = { 𝐴, 𝐶 , 𝐴, 𝐷 , 𝐶, 𝐷 , 𝐷, 𝐵 , 𝐷, 𝐸 , 𝐵, 𝐸 , 𝐸, 𝐹 }

• Graph has no “orientation”. What matters is:

– who the people are, that is the set 𝑉 of objects; and,

– who is friends with whom, that is the set 𝐸 of relationships.

• The picture with circles and links is a convenient visualization

Graphs
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• Affiliation graphs                                             Conflict graphs
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Proof

• It is Human to seek verification – proof.

– The sun will rise tomorrow. It has risen every morning in history! 

• (inductive proof)

– Do you have any doubts?

• In the speed dating ritual, no-one meets more than 12 people.

– Deductive proof:

• At most how many people can a person meet in any round? Why?

• In any round a person meets at most 3 new people (4 per table)

• There are 4 rounds, ergo at most 4 × 3 = 12 people can be met.

• Do you have any doubts? That’s the beauty of deductive proof

– Don’t get too confident, though

• People make mistakes, especially if it’s a new proof

– Computer-checked theorem proofs exist for a reason

• A whole field of CS is concerned with encoding your pen-and-paper proofs 
into a programming language that can check if your proof is correct
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When is a number a square?

• Before we prove anything, think about what squares look like
𝑛 = ±1,±2,±3,±4, ±5,±6,±7
𝑛2 = 1,4,9,16,25,36,49

• Conjecture: Even squares come from even numbers

• Proof (How do I convince you?):

– First look at even 𝑛

• By definition, 𝑛 = 2𝑘 for some integer 𝑘

• 𝑛2 = 4𝑘2

– (is this even?)

– Yes, 𝑛2 = 2 2𝑘2

– How about odd 𝑛?
𝑛 = 2𝑘 + 1
𝑛2 = 4𝑘2 + 4𝑘 + 1

= 2 2𝑘2 + 2𝑘 + 1
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When is a number a square?, cont’d

• Conjecture: Even squares come from even numbers

• Proof (How do I convince you?):

– Even numbers → even squares

– Odd numbers → odd squares

– Every number is either even or odd

• Every even square must come from a number

• Every number is either even or odd

• It cannot be the case that an even square came from an odd number 
because all odd numbers produce odd squares

– Are you convinced?

• Theorem: Every even square came from an even number and every even number 
has an even square.
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3-war or 3-clique

• Look at these friendship graphs

• Theorem: Any 6-person friend network, has a 3-person friend clique or a 3-person 
war (or both)

• Before we prove it: who cares?

– At every party, you either have a big clique of friends

– Or there’s conflict!

– In the world, there are either big coalitions or big groups of enemies

• Assuming two countries are either friends or enemies
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3-war or 3-clique

• Look at these friendship graphs

• Theorem: Any 6-person friend network, has a 3-person friend clique or a 3-person 
war (or both)

• Proof:

– Case 1: person 𝐴 has more friends than enemies

• At least how many friends does 𝐴 have?

• Case 1.A: At least two of 𝐴’s friends are friends

– We have a 3-clique

• Case 1.B: None of 𝐴’s friends are friends

– We have a 3-war
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3-war or 3-clique

• Look at these friendship graphs

• Theorem: Any 6-person friend network, has a 3-person friend clique or a 3-person 
war (or both)

• Proof:

– Case 2: person 𝐴 has more enemies than friends

• How many enemies does 𝐴 have at least?

– At least 3

• Case 2.A: All three are friends (3-clique)

• Case 2.B: At least two are enemies (3-war, counting 𝐴)
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Proof Structure

• Axioms: A self-evident statement that is asserted as true without proof

– Building blocks of proofs

– Can’t prove anything without axioms!

– Any proof is an application of some rule given the axioms

• E.g., deduction, induction

– All mathematical theories are essentially sets of axioms

• Most popular theory of the real numbers is the Zermelo-Fraenkel theory 
with the Axiom of Choice (ZFC)

• Conjectures: A claim that is believed true but is not true until proven so

• Theorems: A proven truth. You can take it to the bank

18



Proof Structure, cont’d

• Turns out the world of numbers can be quite complex

• Need some fairly non-obvious axioms

• Axiom [The Well-Ordering Principle (also known as the Axiom of Choice)]:

– Any non-empty subset of ℕ = {1, 2, 3, . . . } has a minimum element

– Finite 2, 5, 4, 11, 7, 296, 81

– Infinite 6, 19, 24, 18, …

• This is an axiom because we can’t prove it from the other axioms

– But it’s necessary for more interesting proofs

– E.g., prime number factorization
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Exercises

• Construct a subset of ℤ (integers) that has no minimum element

– E.g., 𝑆 = {−1, −2,−3,… }

• Construct a positive subset of ℚ (rationals) that has no minimum element

– E.g., 𝑆 = 1,
1

10
,
1

100
, …

– Why does this set have no minimum?

• Give me any 𝑎 ∈ 𝑆

• We know 𝑎 > 0

• There exists some power of 10, 𝑝, such that 𝑎 >
1

10𝑝
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A Gift from Hipassus: 𝟐 is irrational

• Irrational means 2 is not a member of ℚ

• We will prove this using a proof by contradiction

– Assume the opposite and show it leads to an impossibility

• Assume 2 is rational 

– What does this imply?

– There exist an integer 𝑝 and a natural number 𝑞 such that 2 =
𝑝

𝑞

– Note that 𝑝 and 𝑞 may not be unique

• E.g., 2 =
2

1
=

4

2
=

6

3
= ⋯

– Let 𝑅 =
𝑝1

𝑞1
,
𝑝2

𝑞2
,
𝑝3

𝑞3
, … be all ways in which we can write 2

– Let 𝑞∗ ∈ 𝑅 be the smallest 𝑞𝑖
• Why does 𝑞∗ exist?

• Well-Ordering Principle!

21



A Gift from Hipassus: 𝟐 is irrational, cont’d

• Assume 2 is rational

– Let 𝑅 =
𝑝1

𝑞1
,
𝑝2

𝑞2
,
𝑝3

𝑞3
, … be all ways in which we can write 2

– Let 𝑞∗ ∈ 𝑅 be the smallest 𝑞𝑖
• Why does 𝑞∗ exist?

• Well-Ordering Principle!

– Let 𝑝∗ be the corresponding 𝑝𝑖

• Note that 𝑝∗ and 𝑞∗ have no factor in common

– Why?

– Because 𝑞∗ was the smallest possible

• For any other 𝑝𝑗 , 𝑞𝑗 pair, it must be the case that 
𝑝𝑗

𝑞𝑗
= 2 =

𝑘𝑝∗

𝑘𝑞∗

• Raise both sides of 2 =
𝑝∗

𝑞∗
to power 2

2𝑞∗
2 = 𝑝∗

2

– This means 𝑝∗
2 is even (hence 𝑝∗ is even), i.e., 𝑝∗ = 2𝑘 for some 𝑘 ∈ ℕ

– Then, 2𝑞∗
2 = 4𝑘2 → 𝑞∗

2 = 2𝑘2
22
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A Gift from Hipassus: 𝟐 is irrational, cont’d

• Assume 2 is rational

– Let 𝑅 =
𝑝1

𝑞1
,
𝑝2

𝑞2
,
𝑝3

𝑞3
, … be all ways in which we can write 2

– Let 𝑝∗ ∈ 𝑅 be the smallest 𝑝𝑖
• Why does 𝑝∗ exist?

• Well-Ordering Principle!

– Let 𝑞∗ be the corresponding 𝑞𝑖

• Note that 𝑝∗ and 𝑞∗ have no factor in common

– Why?

– Because 𝑝∗ was the smallest possible

• Both 𝑝∗ and 𝑞∗ are even

– Contradiction

• Why?

– I just told you they have no factor in common

– But that implies they have a factor of 2 in common

– QED
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A Proof Must Convince

• A proof strings together “truths” to convince the reader of something new.

• Our proof that 2 is irrational strung together several “truths”:

– The well-ordering principle.

– High-school algebra for manipulating equalities.

– Our Theorem on when a square is even.

• A proof’s goal is always, always, ALWAYS to convince a reader of something

• Even experienced mathematicians skip steps and confuse themselves sometimes
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Three Steps for Making and Proving a Claim

• Step 1: Precisely state the right thing to prove. 

– Often, creativity and imagination are needed. 

– The claim should be non-trivial, i.e. useful, but also “provable” given the tools 
you have. 

– Most importantly, the claim should be true.

• Step 2: Prove the claim. 

– Sometimes a simple “genius” idea may be needed. 

– Again, creativity and imagination play a role. 

– Sometimes standard proof techniques can be used; you can become proficient 
in these techniques through training and practice.

• Step 3: Check the proof for correctness. 

– No creativity is needed to look a proof in the eye and determine if it is correct; 
to determine if you are convinced. 

– Become an expert at this task. 

– Don’t allow anyone to claim bogus things and “convince” you with invalid 
proofs.
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