
Homework 10
CSCI 2200, RPI

Spring 2025

Instructions: Standard course policies about typesetting, file size, and submission ap-
ply. You must show your work to receive credit. Your work must be your own, though you
are permitted to get assistance from classmates or instructional staff. Your responses to
the submission problems must be uploaded to Submitty by 8:59pm on Thursday, March
27.
Attribution: these problems were chosen from the DMC text.
Note: you can employ Monte Carlo simulations to check some of your answers. But of
course your arguments must be sound and not reference any simulations.

Recitation Problems

I. A random variable X takes values in {0, 1, 2 . . .}. Show that

E[X] =

∞∑
x=1

P[X ≥ x] =

∞∑
x=0

P[X > x].

This result is called the tail sum formula and is very useful.

II. A team is equally likely to win or lose its first game. In each following game, the
previous result is twice as likely as the opposite result. What is the expected number
of games played to get two wins?

III. A gambler walks into a casino with $50 and plays roulette. The gambler bets $1 on
red (probability 18

36 ) to win) and keeps betting until either going bankrupt or doubling
his money. If it takes about 1 minute to play one game of roulette, how many hours
of entertainment does the gambler expect to have?

IV. Pick random numbers from {1, . . . , 100} with replacement until their sum exceeds
100. How many numbers do you expect to pick?

V. A bag has 4 balls of different colors. At each step, pick two random balls and paint
one ball the other ball’s color. Replace the balls and repeat. On average, how many
steps will it take until all balls are the same color?

VI. A fair coin is tossed repeatedly. Find the expected number of flips until HHH ap-
pears.

VII. Prove that every graph G = (V,E) has a cut of size at least |E|/2. (A cut partitions V
into two disjoint sets A, B; its size is the number of edges crossing from A to B).

(a) Construct the sets A,B by randomly placing vertices independently into one of
the sets. Let e = (u, v) be an edge in the graph. Compute P[u and v are in different sets].

(b) Define the indicator X(e) = 1 if u and v are in different sets. Show that the
value of the cut is X =

∑
e∈E X(e). Compute E[X] and prove the claim.

VIII. Let X be the wait for k successes with success probability p. Compute E[max(0, r−X)]
for r ≥ k.

(a) Let X have pdf PX(i) for i ≥ k. Show that E[max(0, r −X)] =
∑r

i=k(r − i) · PX(i).

(b) Establish that PX(i) =
(
i−1
k−1
)
pk(1− p)i−k.
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(c) Hence, show that

E[max(0, r −X)] =

{
r k = 0;∑r

i=k(r − i)
(
i−1
k−1
)
pk(1− p)i−k k > 0

.

Submission Problems

(1) You get all heads in 10 flips of a random coin from a jar with 9 fair coins and 1
two-headed coin. Compute the expected number of heads in another 100 flips of
the same coin.

(2) A drunk leaves the bar at position 1, and takes independent steps: left (L) with
probability 2

3 or right (R) with probability 1
3 . The drunk stops if he reaches home (at

position 0) or the lockup (at position 3). Compute the expected number of steps for
this scenario.

15. Probability 15.5. Problems

Problem 15.39. Give the probability space for the outcome of each of these “experiments.”
(a) A fair coin is tossed and a fair die is rolled.
(b) Pick a random lower-case letter from all written English text. What if you always pick the first letter of a word?
(c) A bag contains numbers 1,. . . ,20. 5 numbers are randomly drawn without replacement.
(d) A bag contains numbers 1,. . . ,20. 5 numbers are randomly drawn with replacement.
(e) A pair of red and blue socks are in a drawer. You pick two socks out at random.
(f) Six cups are placed randomly on six saucers (two each of red, blue and green).
(g) A random 10-bit sequence is picked.
(h) A 10-bit sequence is picked by randomly picking the first bit and repeating that bit 9 times.
(i) A biased coin (probability p of H) is tossed 3 times.
(j) A biased coin (probability p of H) is tossed until a H is tossed.
(k) You randomly pick from 1, . . . , 20: (i) A number. (ii) An odd number. (iii) A prime number.
(l) You roll a pair of identical dice. What if one die is red and the other is blue? What if you just record the sum?

(m) An unfair die rolls 6 with probability 1
2

and the other values 1, . . . , 5 are equally likely.
(i) You roll the die once. (ii) You roll the die twice and record the sum.

(n) You flip a coin until you get H. What if you only counted the number of flips?
(o) There are 10 pizza toppings. You pick 3 toppings randomly for your pizza. Consider these cases.

(i) A topping can be reused. (ii) A topping can’t be reused (iii) Repeat if the order of toppings matters.
(p) A knock-out tournament (e.g. Wimbledon) begins with 2n players and has n rounds. The initial table of draws is

specified: in the first round, player 2i→1 draws player 2i for i = 1, . . . , 2n→1. The outcome of a match is random.
Consider two cases: (i) Only the tournament winner matters. (ii) The outcome of every match matters.

(q) Each pair from {Adam, Barb, Charlie, Doris} randomly decides whether or not to be friends.

Problem 15.40. For a probability space (Ω, P ) and any two events A and B, show:
(a) If A ⊆ B then P[A] ≤ P[B].
(b) P[A ↔A] = 1 and P[A ∩A] = 0.
(c) P[A ∩B] + P[A ∩B] = P[A].
(d) P[A ∩B] ≤ min(P[A], P[B]).

(e) P[A ↔B] + P[A ∩B] = P[A] + P[B].
(f) P[A ↔B] ≤ P[A] + P[B].
(g) If P[A] > 1

2
and P[B] ≥ 1

2
, then P[A ∩B] > 0.

(h) P[A or B but not both] = P[A] + P[B]→ 2 P [A∩B] (exclusive-or)

Problem 15.41. For events A and B, P[A] = 3
4

and P[B] = 1
3
. Show that 1

12
≤ P[A ∩ B] ≤ 1

3
. Give examples to

show that both extremes are possible. Find corresponding bounds for P[A ↔B].

Problem 15.42 (Gossip). The probability space in Problem 15.39(q) defines friendships of 4 people. If someone
hears a rumor, they tell it to their friends. Adam got a juicy piece of gossip. What are the chances Barb hears it?

Problem 15.43 (Random Permutation). On the right is an experiment,
a randomized algorithm run on a list (a1, a2, a3) which is initialized to (1, 2, 3).
(a) Give the probability space for this experiment.
(b) Generalize the algorithm to a list of size n.
(c) Prove that the probability space is uniform over the permutations of 1, . . . , n.

1: for i = 1, . . . , 3 do
2: Randomly pick list position

j from {i, i + 1, . . . , 3}.
3: Swap ai with aj .

Problem 15.44. A fair coin is tossed 20 times giving a sequence of H and T. Compute these probabilities:
(a) The first H is at toss 20. (b) The number of H and T are equal. (c) Exactly two H. (d) At least two H.

Problem 15.45. You and a friend take turns rolling an n-sided die. The first to roll 1 wins. Compute your probability
to win (as a function of n) if you roll first?

Problem 15.46. A drunk leaves the bar at position 1, and takes random steps:
left (L) with probability 2

3
or right (R) with probability 1

3
. What is the probability

the drunk reaches home (at position 0) before reaching the lockup (at position 3)?
0 1 2 3

BAR

2
3

1
3

Problem 15.47. Three monkeys A, B, C have a 6-shooter pistol loaded with 2 bullets. Starting with A, each spins
the bullet-wheel and shoots their foot. Compute probabilities pA, pB , pC for each monkey to be the first shot.

Problem 15.48. Repeatedly toss a fair coin. Show that any fixed sequence of H and T occurs with probability 1.

Problem 15.49. You randomly throw 4 balls into 4 buckets. If a bucket has more than 2 balls, empty the buckets and
restart. If all buckets have at most 2 balls, you stop. What is the probability that the number of non-empty buckets is:
(a) 4 (b) 3 (c) 2 (d) 1. (Use Monte-Carlo simulation to verify your answers.)

223

(3) What is the expected number of steps in the above problem, conditioned on the
drunk making it home?

(4) A Martian couple has children until they have 2 males (sexes of children are in-
dependent). Compute the expected number of children the couple will have if, on
Mars, males are: (a) Half as likely as females. (b) Just as likely as females.
(c) Twice as likely as females.

(5) Use linearity and expectation and indicator random variables to answer these ques-
tions.

(a) You hash m items uniformly at random into n bins. Let X be the number of
bins that contain exactly k items. What is E[X]?

(b) You randomly and independently choose a k-subset A and `-subset B of {1, . . . , n}.
Let X = |A ∩B| and Y = |A ∪B|. What are E[X] and E[Y]?

(c) A street has n houses in a row that are painted randomly so that k are red and `
are white. Find the expected number of houses that have at least one neighbor
that is a different color.

(6) A biased coin (probability p of heads) is tossed n times. A run is a consecutive
sequence of the same outcome (HHTHTTTTHH has five runs). Show that the
expected number of runs is 1+2(n−1)p(1−p). Hint: focus on the transition between
the runs.

(7) Fix k > 1 and suppose n is sufficiently small to satisfy 2
(
n
k

)
2−

1
2k(k−1) < 1. Prove that

some graph with n vertices has neither a k-clique nor a k-war. So, you need more
than n vertices to guarantee a k-clique or a k-war.
Show this by constructing a random graph G on n vertices v1, . . . , vn by independently
adding each edge (vi, vj) into the edge set with probability 1

2 , computing the expected
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total number of k-cliques and k-wars in G, and arguing that this result implies there
is a graph on n vertices that has neither a k-clique nor a k-war.

(8) Let X be the waiting time to k boys and ` girls, assuming the probability of getting
a boy in each birth is p. Let Xb be the time you wait for the k boys and let Xg be the
additional time you must wait to get up to ` girls.

(a) What are the possible values of Xb and Xg? Is Xg independent of Xb? Explain.
(b) Show that E[Xg | Xb] = max(0, k + `−Xb)/(1− p).
(c) Hence, show using iterated expectation that E[X] = k

p +
1

1−pE[max(0, k+ `−Xb)].
(d) Use the result from problem VIII of the recitation set to find an expression for

E[X].
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