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Answer ALL questions.

NO COLLABORATION or electronic devices. Any violations result in an F.

NO questions allowed during the test. Interpret and do the best you can.

GOOD LUCK!

You MUST show CORRECT work to get full credit.

When in doubt, TINKER.
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1 Circle one answer per question. 10 points for each correct answer.

(1) If P (3) is true and P (n) ! (P (n2) ^ P (n� 2)) for n � 2, which of the following can I conclude?

A P (120) is true

B P (46) is not true

C P (1) is not true

D P (111) is true

E None of the above

(2) What is the most precise asymptotic relationship between
Pn

i=1 i
p
i and n

2?

A
Pn

i=1 i
p
i 2 O(n2)

B
Pn

i=1 i
p
i 2 ⌦(n2)

C
Pn

i=1 i
p
i 2 ⇥(n2)

D
Pn

i=1 i
p
i 2 o(n2)

E
Pn

i=1 i
p
i 2 !(n2)

(3) In an ESP experiment, a pair of fair six-sided dice is rolled in a separate room and the supposed esper
states that at least one of the dice came up six. What is the probability that the sum of the two dice is
seven?

A 2/11

B 1/9

C 2/7

D 3/5

E None of the above

(4) What is the coe�cient of x10 in (x� x
�1)20?

A �
�20
15

�

B
�20
5

�

C �
�20
10

�

D
�20
10

�

E None of the above

(5) What is the last digit of 3201?

A 1

B 3

C 7

D 9

E None of the above

①( 3 )→ 719) N P( t )
01,23045%7/8%
98

179 )→ PC8 DA P G )
①( 7 )→ P M9 )APES)
Notice P (5 )→ 1725)→ 1723)→...→ Pc l1 )→ 7421)

°

→ pu las→ . . . → PAID

1×5=542 i s increasingi n × , s o

5×3/2dx£.,§i3/2 If,nx¥ad×=G-(ntl55£51
O ' °

"g-risk ⇒ Izirie@(risk)⇒i.Eirewen)

o D e t r o i t * 604--63=5%1,9%49110%63
3

=%iI¥¥I¥¥#¥E,
= '4,36611/3%36=8
5O

ex-x-'PE.EE/
2j0)eygj,y2o-jj-Ec-yjl?
g9x2o-2jwhenj=5,

G )(fo)
c-'I,2§)

3201=(3200%8 100).3 mod 1 0 00
I (9mod100)'00.3 mod 1 0 0
I 3 mod 1 0 0
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(6) Which of the following logical equivalences are correct?

(I) p _ q ! r
eqv
⌘ ¬r ! ¬p _ ¬q

(II) p _ (q ^ r)
eqv
⌘ (p ^ q) _ (p ^ r)

(III) (¬q _ r) _ ¬p
eqv
⌘ ¬q _ (r _ ¬p)

A I

B II

C III

D I, II

E I, III

(7) Let the number of courses o↵ered in the CSCI department be 27, and the number of courses o↵ered in
the math department be 25. If there are 5 courses cross-listed in both departments, how many di↵erent
ways can we choose three distinct courses if those courses can be from either department?

A
�25
3

�

B
�27
3

�

C
�47
3

�

D
�52
3

�

E None of the above

(8) On a multiple choice test with 20 questions and 5 answers per question, how many di↵erent ways can
the test be completed so that exactly half of the answers are wrong?

A
�20
10

� �
1
5

�10 � 4
5

�10

B
�20
10

� �
4
5

�10

C
�20
10

�

D
�20
10

�
104

E
�20
10

�
410

(9) Which set is not countable?

A The set of polynomials with rational coe�cients and degree at most d.

B The set of circles in the plane with centers c = (x, y) and radii r satisfying x, y 2 Z and r 2 Q.

C The Cartesian product of two countable sets.

D The set of finite subsets of Q.

E The set of irrational numbers.

¥ associativityo f V

O

There a r e 2 7 t 2 5 - 5 = 4 7 uniquec o u r s e s byT H E

0

(2,8)wayst o choosew h i c hh a l f o f t h e
problemst o getincorrect,

and f o r
0 e a c h o f t h e 1 0 incorrect a n s w e r s , 4

choices t h a t m a k e t h em incorrect

0
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(10) The graph G has six vertices with degrees 2, 2, 3, 4, 4, 5. How many edges does G have?

A 8

B 10

C 12

D 20

E None of the above

(11) Which of these claims are true?

(I) If x and y are coprime, then N = {mx+ ny |m,n 2 N}.
(II) If x and y are coprime, then there is a k 2 N for which gcd(xk, yk) 6= k.

A I only.

B II only.

C Both I and II.

D Neither I or II.

E The truth values of these claims depend on the specific values of x and y.

(12) Which computing problem is context-free but not regular?

A L = {!#! |! 2 {0, 1}⇤}

B L = {!#!
R |! 2 {0, 1}⇤}

C L = {1•n0•n1•n |n � 0}

D L = {1•(2n)01•(2k+1) |n, k � 0}

E All of the above are regular languages

(13) Which string is accepted by this DFA?

q0start q1 q2 q3 q4

q5

0

1

1

0

0

1 0

1

1

0

0, 1

A 1011

B 101000

C 101101

D 110011

E 1110101

hard-shakingtheorem
° Ed i e 21E l ⇒ I E ta t (at2+3+4741-5)

= 1 0

O

-
x ,y

coprime⇒gcdlx.gs-I

⇒

N-{mxtaylm,
a t
A}

&
by
Bezout's

Theorem

I t i s alwayst h e c a s et h a t
t h e N : gcdlxksykkk.gcdlx.gs.

When × daya r e coprinet h i s m e a n s
t h e N : gcdlxksgkt.li

O
← n o t context-free (cannotsolvew/PDA)
← o u r f i rstexampleo f context-free and notregular
← n o t context-free

← regular

O
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(14) A team is three times more likely to win than lose each game it plays in a tournament. What is the
expected number of games the team will play to get two wins?

A 8/3

B 3/2

C 2

D 3

E None of the above

(15) How many permutations of {1, . . . , 7} keep exactly four elements fixed (i.e. those elements are mapped
to themselves under the permutation)? Hint: equivalently, count the number of permutations that ensure

that exactly three elements are not fixed.

A 42

B 61

C 65

D 70

E None of the above

(16) A kindergarden teacher takes his class of ten children to the county fair and buys them cotton candy.
The cotton candy machine has fifteen flavors. Each purchase yields a random flavor; each flavor has a
non-zero probability of being selected. How many candies must the teacher buy to ensure all the children
get the same flavor?

A 125

B 136

C 143

D 151

E None of the above

(17) Giselle has fifty wigs, and a display cabinet with six shelves. How many ways can Giselle arrange her
wigs on these shelves if the order of the wigs on each shelf does not matter, and each shelf can hold all
fifty wigs?

A 506

B 650

C
�50
6

�

D 50!/6!

E None of the above

O p = 3a - p ) ⇒ p = 3g
Expectationof waitingt imew/param p i s §
Expectationo fwaitinguntilt w o w i n s i s

f -= 8g

T h e r ea r e ( } )wayst o choosethreeelementst o

derange,t h e n2 wayst o derange
3 elements:

I >2 , 3→ 3,1,2 o r 2,3,0°

s o (3)2 ; ? ¥ = 7.805-02= 7 0

I t ' s possiblet h e f i r s t 15.9 candies
0 h e buys consists o f 9 candies o f e a ch

c o l o r s . Onceh e buys 1 5 . 9 + 1 candies,
a t l e a s t o n e c o l o r o f candyw i l l o c c u r
1 0 t i m e s

•

F o r each o f t h e 5 0 wigss h e h a s s i x
choices o f shelves
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(18) Evaluate the sum T (n) =
Pn

i=1 2
3�2i

A 2
3 (4� 4�n)

B 8
3 (1� 4�n)

C 8
3 (4� 4�n)

D 32
3 (1� 4�n)

E 32
3 (4� 4�n)

(19) Which of the following is true?

(I) {0, 1}⇤ is decidable.
(II) If L is decidable and S ✓ L, then S is decidable.
(III) If L is recognizable and S ✓ L, then S is recognizable.

A I only

B II only

C III only

D I and III only

E I, II, and III

(20) Which of these degree sequences is graphical? (Recall that a degree sequence is graphical i↵ there exists
a graph with that degree sequence)

A [3, 2, 2, 2]

B [3, 3, 3, 1]

C [3, 3, 3, 2]

D [3, 3, 3, 3]

E None of the above

= 8.II,2-2i = 8.1£( f )
i

0
= 8 (Eoff)i-D=81¥11"-D
= 8 (ga-lat)'t')-1)= 81¥-¥1451,)

=

f -(r-Ey)
0 £ both false because w e k n o w t h e r e e x i s t

languages t h a t a r e undecidable o r I
unrecognizable, yett h e s e a r e s u b s e t so f { 0 ,I }*, wh ich i s decidable

0 K y
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2 Let V be a set of n vertices, and let the edge set E be initially empty. For each pair of
vertices i 6= j, add the edge (i, j) to E with probability p. Let X = |E| be the number of
edges. Compute the expectation and variance of X.

× Ii,,¥f,Xij, wherethe X .j-{t
i f 4 ;j ) E E

0 otherwise

i # j ' (2) indep Bern(p) r . u s

⇒ X v Binomial((2) , p )
⇒ EX-(2) p

o4X) = (2)pu-p)
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3 Show that the recognizable languages are closed under intersection: let L1 and L2 be
recognizable, and show that L\ = L1 \ L2 is recognizable by using the recognizers for L1

and L2 to construct a recognizer for L\. Prove that it is indeed a recognizer.

L e t R , b e a recognizer fo r L , and R z b e
a recognizer f o r La .
Define a T M R ,t h a t computes

Rn ( w ) = {ACCE
PT

i f R ,( w )= Rao)= ACCEPT
R E J E CT i f R ,(w)= REJECT o r

RzCw)= R E J E CT
Th is T M simulates R, and Az o n i t s input, s o
halts o n inputsf o r wh ich R , a n d Rz both ha l t .

I n particular, i f W E Lpg>then • EL, and
W E L , s o R ,( w ) and Az( w ) both ha l t
a n d ACCEPT. Th i s m e a n s t h a t i f W E L , >
Rn( w ) w i l l ha l t and ACCEPT, s o
R , i s a recognizer f o r Ln.
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4 Consider the language of even-length palindromes L = {!!R |! 2 {0, 1}⇤}. Give well-
written pseudocode for a decider for this language.

1 . Chec k t h a t t h e inputh a s e v e n length (including05,
o t h e rw i s e R E J E C T . A D F A c a n doth i s .

2 . Retu rn t o A

3 . Move rightt o first non-markedb i t . I f you
r e a c h w

before anynon-markedbit,
ACCEPTop

Otherwise,ma r kt h elocationand rememberthe b i t .

4 . Mov e rightt o u andt h e n m o v e left t o t hef i rs t
non-marked b i t . I f t h e b i t does n o t matcht h e

b i t f rom step3 , RE J ECT.
Othe rw i s e( b i tmatches),ma r k t h e l o c a t i o n .
G O T O sleep2 .
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5 Consider the following process of assigning final projects to k students. Each student
is assigned their final project uniformly at random from n possible projects (n � k),
independent of the other students’ assignments. If each student is assigned a unique
project, then the project selection process finishes. If any two students are assigned
the same project, the project selection process restarts. What is the expected number
of times this project selection process will be used before the students all have unique
projects?

T o rephrase: w h a t i s t h e expectedwaitingt ime

w h e n a t r i a l i s successful i f f e a c h student

i s assigned a unique project?

The re a r e nk wayst o assignprojectst o a l l k

students, and (E)k ! wags t o assign unique
projectst o t h e K students, s o t h e probability
o f s u c c e s s o f a singlet r i a l i s given by
p = CE¥÷ FEELinseadoniometpr

othatspace)i n t h i s countingargument

I t follows t h a t t h e expected waiting t i m e i s

¥0
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6 Solve the recurrence relation T (n) = 2T (n� 1)� T (n� 2) + 2 when T (0) = 1 and T (1) = 2.

Notice t h a t subtractingT(n-l) f rom b o t h s i d e s
o f t h e r e c u r s i o n gives t h e identity

1 -(n)-Tch-D - Tch-D-Tch-2)t 2 .

Letting D (n)= T (n)-In-11, w e h a v e t h a t

D ( 1 )=L and D (n ) -D(n-D=2
fromw h i c h w e h a v e

D (n)=@(n )-DCn-D] t [ D(n-D-D(n-2)I t
- - i t [ D (2) - D ( t ) ] t Da )

= 2 o (n-D t 1

Likewise,

Tc h ) = IT(n)- In-D] t [TCn-D-Ten-25ft
- i -

t [ T( r ) - T (O)} t T IO)

=.#Dci) + I = .¥12.( i t ) + I ] + I

= 2.§j' i t h t h = @-1)n t (nt l)

= n 2 - n f n t I = P t I T(n)=n&
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