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Answer ALL questions.

NO COLLABORATION or electronic devices. Any violations result in an F.

NO questions allowed during the test. Interpret and do the best you can.

GOOD LUCK!

You MUST show CORRECT work to get full credit.

When in doubt, TINKER.
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1 Determine the type of proof and prove: a right triangle with integer sides cannot be
isoceles.

Contradiction.

Het t h e r eb e a n isoceles righttrianglew i t h
inbergers i d e s o f lengthsa andc .

a 1¥
Then o ft a ? c2 , s o 2 = (g)2 , o r 52= § .
Th is i s a contradiction, a s Ta i s irrational.
Therefore n o s u c h triangle ex i s t s .
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2 Prove that the product of any 5 consecutive natural numbers is divisible by 5!.

l e t n , n t I , . . . ,n t 4 b e 5 c o n s e t na tu ra l

n u m b e r s .

Byt h epidgeonholeprinciple,every5 consecutive

n umbe r s con ta i n a multipleof5 , b e c a u s et h e

multipleso f 5 a r e w i t h i n distance 5 o f each other.

T h i s m e a n s o n e o f n ,n t i , . . . ,n t 4 i s divisible by5 .

Similarly, multiples o f 3 a r e withindistance 3 o f
e a c h other, s o o n e o f n ,n t i , . . . ,n t 4 i s divisible by3 .

Similarlymultiples o f 4 a r e wi th in distance 4 o f
e a c h other, s o o n e o f n ,n t I , . . . ,n t 4 i s divisibleby
41. There i s a t l e a s t o n e o t h e r e v e n number

i n

t h e l i s t n ,n t i , . . . ,n
t 4 , a sTherea r e a t l e a s t t w o

e v e n n u m b e r s i n every
l i s t o f f i v e numbers.

Altogether,w e c a n concludet h a t . t h e product o f

n ,n t i , . . . , n
t 4 i s divisible by 5 . Y o3 . 2 =5 !

E x



t i d y :
Wr ioet h e consecutive n um b e r s a s

n t I , . . . ,n t 5 .
Then

@t D. . . Cnt5 ) = @t§#= 5 ! f@nt5s.
I]

= 5 ! (nth5)
s o w e s e e directlyt h a t t h e product i s
divisible by 5 !
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3 Let G0 = 0, G1 = 1, and Gn = 7Gn�1 � 12Gn�2 for n > 1. Compute G5. Show Gn = 4n � 3n

for n � 0.

G ,I G , - 1 2Go= 7

63=762-126,= 4 9 - 1 2 = 3 7

G
y
= 763-1262= 7037-12 .7 = 7 . 2 5 = 1 75

Gg = TGy-1263=7.1 75 - 1 2 -37 = 1225-444=781

Gg=µ
P r t Gn= 4".-3' f o r n 3 0 .
W e u s e stronginduction

w h e n n - O , G o = 0 = 40-30, s o t h e formulaholds.

N o w a s s u m e t h a t Gk⇐ 4h23" wh e nK 3 0 and K I N .

Then

Gnt,= 7 G n - 1 2Gn-,= 7 . (413")- 1 2(4h13'-1)

byt h e inductivehypothesis, s o

Gnt ,= T o (4h-3h) - ( 3 .4A - . 4 .3h)
= 4 .4" - 3 .3 "
= Lfnt ' - 3n t l

s o t h e formula holds f o r N t l .

W e concludet h a t
i

. Gn.= 4 " - 3 ' f o r n 3 0

byt h e principleo f induction
E f
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4 Determine and prove the order-relationships between lnn, ln(n2 + 1), and ln(2n).

- I n (2h)= I n(2 ) t I n(n) E 0 (Inn)

- I n( F t1 )⇐ G-( i n (rf)) and I n ( F ) = 2 I n( n ) ,

s o I nloft1) E 0 ( Inn)
T h u s a l l t h r e e func t ions a r e asymptotically

equivalent ( o )
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5 Prove that
xk ⌘ yk mod d

implies that
x ⌘ y mod (d/ gcd(k, d)).

¥¥ume
× K - gK = modD; t h i s m e a n s

d/(x-g)k . N o w o b s e r v et h a t b o t h d

and ex-g)K a r e divisible by god( d ,K ) , s o

g¥dk))(×-Y)g¥d,K ) .

Alson o t et h a t byt h e definitiono f t h egod, t h e

members§d,µ , andg¥d,µ,a r e c oprime.
S i n c e d-I Cx-

g.bg#yd,y,

a n d does n o tdivide 1
gadCd>KS'

god(die)
w e concludet h a t

Gadda
fi,

I Cx-g),

s o
× = g mod

(giddy))

Ok
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6 Adam, Barb, Charlie, and Doris each independently choose a random number uniformly
distributed in {1, 2, 3, 4, 5}. What is the probability that some pair chooses the same
number? What if there are k people and n numbers?

D [somepair choosest h es a m e number]=

I - D (everyonechooses a unique number]

f o u r uniquenumbers
o f5=.-÷÷÷÷÷÷:÷÷.possiblenumbers, t o f o u r

people

person a n u m b e r i n 1 through5 .

I n t h e general c a s e ,

① [somepair c h o o s e s t h e s a m e
number] =

i-CELLI
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7 Let V be a set of n vertices, and let the edge set E be initially empty. For each pair of
vertices i 6= j, add the edge (i, j) to E with probability p. Give the pdf for the degrees of
the nodes of this graph.

E a c h nodei s connected t o eacho t h e r nodew /

probp. L e t X b e t h e degreeo f a node,then

X-B inomia l ( n - l , p )
s o t h e pdf i s givenby

DL:X-k]= ( I ) pk(i-p)'-'*
f o r K E { O, . . . ,n-l}
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8 Voltage in the US has a mean of 120V and a standard deviation of 5V. A device’s operating
voltage is 112–128. Use Chebyshev’s inequality to bound the probability that the device
will not be damaged when turned on.

T h eprobabilityt h edevice w i l l n o t b e
damaged i s

THEV E [112,1283) = I - D (V¢ [112,1283)

= I - D ( 1V-1201 7 8 )
whe re V i s t h e voltage. N o w applying

chebysh.ee:

P (N-120138) = P t ( 1V - E V 12364.)

= TP( N - E V 1276¥.25)
= D ( N - E V 123 6¥oTV))
£ Iggy,

s o

D [device n o tdamaged]3 I-6257

E d
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9 Give a DFA for strings whose even digits alternate between 0 and 1.

→

gooey@79009%50%0
0 0 , i

↳÷÷i÷÷÷⇒.
←



10

10 For CFG S ! 0S|S1|0|1, prove that no string has 10 as a substring.

TEE
u s e induct ion o n t h e lengtho f t h estrings

generatedb y t h e C F G (denotedlencs))

w h e n d e n(s )=L, t h estrings c a n n o t h a v e 1 0 a s
a substring.

A s s u m e n o stringso f lengthI derivedf romt h e

C F G h a v e 1 0 a s a substring. L e t s b e

a stringo f length
I t I derivedf rom t h eCFG , t h e n

s = O w o r s = c o1 f o r a stringw o f lengthI

derived f r om t h e C FG . Byt h e inductiveassumption

• doesn o t contain 100 a s
a substring. S i n c e

addinga O a t t h es ta r t ,o r a 1 a t t h eend, o f w

does no t introduce a
1 0 substring, s

does n o t

c on t a i n 1 0 a s a substring.

W e conclude b yt h e principle
o f induction t h a t

n o stringderived fromt h i s
C F G contains 1 0

a s a substring.

&
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11 Consider the language of palindromes L = {! |! 2 {0, 1}⇤,! = !R}. Give well-written
high-level pseudocode for a decider for this language.

1 . Return t o *

2 . G o right t o t h e f i r s t
unmarked input. Mook

and remember i t . I f t h e r e a r e n o unmarked

digits beforeyou reach w ,
h a l t and ACCEPT

3 . G o right t o w , t h e n go
l e f t t o t h e f i r s t

unmarked input. I f i t
matches t h e

remembered

digit,m a r k i t and G O T O
1 . Otherwise,

h a l t a n d REJECT.
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12 Given an ultimate-debugger D that takes hMi#! and decides if TM M halts on input
!, show that every recognizer of a language L can be converted into a decider for the
language.

L e t R b e a recognizerf o r L . Ta k e 1 t o b e

t h e Touring Machine t h a t computes

1 ( w ) = {R( w ) i f D (LR>#w )
= ACCEPT

REJECT i f D KR>#w)= REJECT

Byconstruction,
1) I f w e L , t h e n R ( w ) h a l t s a n d ACCEPTS,

s o D ( L R ># w ) = ACCEPT,
s o

S ( w )= K ( w ) = ACCEPT

2 ) i f WEIL , t h e n e i t he r R .( w ) does n o t ha l t ,

i n w h i c h c a s e . # ( L R >#w) = REJECT, s o

A ( w )= REJECT,
o r R tw ) h a l t s and REJECTS, s o

D k r ># w ) = ACCEPT, s o
A Cw)= Th( w ) = RE J ECT.

T h a t i s ,
A ( w )= {ACCEPT

i f w e L
REJECT i f w e L

s o S i s a decider f o r L
,
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