Foundations of Computer Science
Lecture 19

Expected Value

The Average Over Many Runs of an Experiment

Mathematical Expectation: A Number that Summarizes a PDF
Conditional Expectation

Law of Total Expectation
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Last Time

@ Random variables.
» PDF.
» CDF.
» Joint-PDF.

» Independent random variables.

@ Important random variables.
» Bernoulli (indicator).
» Uniform (equalizer in strategic games).
» Binomial (sum of Bernoullis, e.g. number of heads in n coin tosses).
» Exponential Waiting Time Distribution (repeated tries till success).




Today: Expected Value

@ Expected value approximates the sample average.
© Mathematical Expectation

© Cxamples

@ Sum of dice.
@ Bernoulli.
@ Uniform.
@ Binomial.

@ Waiting time.

@ Conditional Expectaton

© Law of Total Expectation




Sample Average: Toss Two Coins Many Times
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Mathematical Expectation of a Random Variable X
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For two coins the expected value is 0 X i + 1 x % + 2 X i = 1.

(Add the possible values x weighted by their probabilities Px(x),

EX]= Y z-Px(x).

zeX(0)

Synonyms: Expectation; Expected Value; Mean; Average.
Important Exercise. Show that E[X] = )  X(w)P(w).

wef)




Expected Number of Heads from 3 Coin Tosses is 1%!

EX]= ¥ z-Px(x).
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Expected Number of Heads from 3 Coin Tosses is 1%!

EX]= ¥ z-Px(x). ]
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E[number heads] = 0x 1 +1x24+2x2+3x18

What does this mean?!?

Exercise. Let X be the the value of a fair die roll. Show that E[X] = 31.
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Expected Sum of Two Dice

Probability Space X = sum
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Expected Sum of Two Dice

Probability Space X = sum
G| o & % w6 % ox T 8 9 101112
1 1 1 1 1 1
E.%%%%%g 67891011
1 1 1 1 1 1
SO0 wowow o @10 67 890 283 4 5 6 7 8 9 10 11 12
NE L L L L Ll Ny s 78 g v
@ 36 36 36 36 36 36 Px(x) 1 2 3 4 5 6 5 4 3 4 1
AQL L L Ll Ll g5 6 7 g 36 36 36 36 36 36 36 36 36 36 36
1 1 1 1 1 1
O % % % 3 % 234567
DU E DU E
Die 1 Value Die 1 Value

= %(2><1+3><2+4><3+5><4+6><5+7><6+8><5+9><4+10><3+11><2+12><1)

_ 252 _
= =1

(Expected sum of two dice is twice the expected roll of one die.)



Expected Value of a Bernoulli Random Variable

A Bernoulli random variable X takes a value in {0,1}




Expected Value of a Bernoulli Random Variable

A Bernoulli random variable X takes a value in {0,1}

The expected value is
EX]=0-1—-p) +1-p=p.

[ A Bernoulli random variable with success probability p has expected value p. ]




Expected Value of a Uniform Random Variable

A uniform random variable X takes values in {1,...,n},
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Expected Value of a Uniform Random Variable
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Expected Value of a Uniform Random Variable
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Expected Value of a Uniform Random Variable

A uniform random variable X takes values in {1,...,n},
x| 1 2 3 4 n—1 n
Pe(z) | 2 1 11 1 1 1

The expected value is

EX] = t4+2+24...401

n

= (14+2+---+n)

n

= - xn(n+1).

[ A uniform random variable on [1, n] has expected value = J(n + 1). ]




What is the Expected Number of Heads in n Coin Tosses”

Binomial distribution: Px(k) = B(k;n,p) = (})p"(1 —p)" ™.
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Binomial distribution: Px(k) = B(k;n,p) = (})p"(1 —p)" ™.

x 0 1 2 e k e n
Px(x) (5) "1 —p)" () p'(t—p)t (5) P —=p)"2 o ()P =p* . () p (1 =p)°
EX] =0-(3)p'¢" +1-(V)p'a" "+ + k- ()" ++n-()p'¢ (4=1-p)

Binomial Theorem:

(p + q)n _ (75) qun + (711) plqn—l T (Z) pkqn—k 4+ (n) pnqo

i%h

n(p+q)"! = 1-(?)p0qn_1+2- (’g)plqn—Z_'_.“_'_k.<7k1>pk—1qn—k+.”_|_n. <n>pn—1q0

><£> np(p+q)n_1 _ 1.<717J>p1qn—1_|_2. (721>p2qn—2_|_”._|_]€.<7kl>pk:qn—k:_|_“._|_n. <n>pnq0
1

[ Expected number of heads in n biased coin tosses is np. ]

Example. Answer randomly 15 multiple choice questions with 5 choices (p = :): expect to get 15 x ; = 3 correct.



Expected Waiting Time to Success

Exponential Waiting Time Distribution: Px(t) = 3(1 — p)".
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Exponential Waiting Time Distribution: Px(t) = (1 — p)".
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Expected Waiting Time to Success

Exponential Waiting Time Distribution: Px(t) = (1 — p)".

t 1 2 3 k
Px(t) | p(1—p) BA-p? pA-p? ... BA-pF ... (6 =p/(1=p))

EX] =p1-1=p)'+2-1=pf+3-1-pP+-+k-(1=-pi+-)

Geometric series formula:

1Tla = l+a+a*+a’+a*+---
d%—> ﬁg = 1+2-a+3-a>+4-a®>+5a-*+--
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- EX] = Bx =

[ Expected waiting time is 1/p. ]

Exercise. A couple who is waiting for a boy expects to make 2 trials (children).



Conditional Expectation: Expected Height of Men

New information changes a probability. Hence, the expected value also changes.
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Conditional Expectation: Expected Height of Men

New information changes a probability. Hence, the expected value also changes.

Height Distribution Conditional Height Distribution
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Conditional Expectation: Expected Height of Men

New information changes a probability. Hence, the expected value also changes.

Height Distribution Conditional Height Distribution
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Law of Total Expectation

Case by case analysis for expectation (similar to the Law of Total Probability).

Law of Total Expectation
E[X]=E[X | A] - P[A] + E[X | A] - P[A].
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Law of Total Expectation

Case by case analysis for expectation (similar to the Law of Total Probability).

Law of Total Expectation
E[X]=E[X | A] - P[A] + E[X | A] - P[A].

E[height] = Efheight | male] P[male] + E[height | female| P[female]

T T T T
69" 0.49 64" 0.51

= 69 x 0.49 4+ 64 x 0.51

~ 665",




Example

A jar has 9 fair coins and 1 two-headed coin.
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Example

A jar has 9 fair coins and 1 two-headed coin.
Choose a random coin and flip it 10 times.

X is the number of heads.

E[X] = E[X | fair] P[fair] + E[X | 2-headed] P[2-headed]
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Example

A jar has 9 fair coins and 1 two-headed coin.
Choose a random coin and flip it 10 times.

X is the number of heads.

E[X] = E[X | fair] P[fair] + E[X | 2-headed] P[2-headed]
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Expected Waiting Time from Law of Total Expectation

X is the waiting time.
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Expected Waiting Time from Law of Total Expectation

X is the waiting time. Two cases:
o First trial is a succeeds (S) with probability p, i.e., X = 1.
o First trial is a fails (F) with probability 1 — p, i.e., “restart”.

l—p

EX] = EX |5 PS| + EX | F] P[F] ,
t (N Q—O

1 D 1+E[X] (1-p)

= p-1+(1—-p)- (1+EX])

= 1+ (1 —p)-EX].




Expected Waiting Time from Law of Total Expectation

X is the waiting time. Two cases:
o First trial is a succeeds (S) with probability p, i.e., X = 1.
o First trial is a fails (F) with probability 1 — p, i.e., “restart”.

I—p

EX] = EX |5 PS| + EX | F] P[F] ,
to t1 l‘

1 p 1+E[X] (1-p)
=p-1+(1—p) (1+EX])

= 1+ (1 —p)-EX].

Solve for E[X],

Practice. Exercise 6.5 and 6.8.
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