
MIDTERM: 120 Minutes

NO COLLABORATION or electronic devices. Any violations result in an F.

NO questions allowed during the test. Interpret and do the best you can.

You MUST show CORRECT work, even on multiple choice questions, to get credit.

GOOD LUCK!
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1 Circle one answer per question. 10 points for each correct answer.

(a) The moon goes through its phases periodically in the following order: new, waxing crescent, first quarter,

waxing gibbous, full, waning gibbous, third quarter, and waning crescent, then new again. Today the

moon is in its waning crescent phase. What phase will the moon be in 10
21

phases from now?

A new.

B waxing crescent.

C first quarter.

D full.

E None of the above.

(b) How many natural numbers less than 21 are coprime with 21?

A 5.

B 9.

C 10.

D 12.

E None of the above.

(c) Let A be the adjacency matrix of C2n. Which of the following are true of A?

A 4
��
⇣P2n

i=1

P2n
j=1 Aij

⌘
.

B
Pn

i=1 Aii = 0.

C Each row of A sums to 2.

D All three of the above options.

E Two of the above options.

(d) The negation of “The reaction to every action is equal and opposite” is:

A “There are actions whose reactions are not equal and not opposite”.

B “There are actions whose reactions are either not equal or not opposite”.

C “For every action, the reaction is not equal and not opposite”.

D “For every action, the reaction is either not equal or not opposite”.

E None of the above.

(e) If T0 = 1, T1 = 2, and Tn+2 = Tn+1 + 5Tn, what is the value of T4?

A 12

B 17

C 38

D 52

E None of the above
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(f) What is 3
2015

mod 7?

A 2

B 3

C 5

D 6

E None of the above

(g) Consider the degree sequence [6, 6, 5, 4, 3, 3, 1]. Which of the following is true?

A This degree sequence is not graphical.

B This sequence is graphical, and such a graph is disconnected.

C This sequence is graphical, can be realized with a planar graph, and such a graph has 9 faces.

D This sequence is graphical, and such a graph is a tree.

E None of the above.

(h) Which claim below is true?

A f 2 o(g) ! f 2 O(g).

B f 2 ⇥(g) ! g 2 ⇥(f).

C f 2 !(g) ! g 2 O(f).

D None of these claims are true.

E All of these claims are true.

(i) Which of the following asymptotic relationships is correct?

A (n+ 1)
n+1 2 O(n

n
).

B (n+ 1)
n+1 2 !(n

n
).

C (n+ 1)
n+1 2 o(n

n
).

D (n+ 1)
n+1 2 ⇥(n

n
).

E None of the above.

(j) How many non-isomorphic connected acyclic graphs exist that have four vertices?

A 1.

B 2.

C 3.

D 4.

E More than 4.
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2 Recall the equation for integration by parts,
R
f dg = fg�

R
g df .The formula for summation

by parts is
nX

i=m

fi(gi+1 � gi) = (fngn+1 � fmgm)�
nX

i=m+1

gi(fi � fi�1).

Choose appropriate sequences fi and gi and use summation by parts to show that

nX

i=0

i2
i
= (n� 1)2

n+1
+ 2.

T a k e f i = I a n d g i = 29, t h e nsummation
b y parts gives

.EEe ( 2i t '-2)=@2't'-0.20)
-Ezaki-Ci-D)

,

o r equivalently,

4¥12')_÷zi2i=n2nt÷§2i,

"Eoiai-n2"'-Lizai-l)
= n 2ht'-(2nt'-l-l)

= (n-l)2't' t 2

a s claimed.



3 What is the remainder when 6
n
+ 7

n
is divided by 8?

w e ma ke t a b l e s t o guess
6 "mod8 and 7 "mod8

am.DE/t#Tgo

w e prove 6 " mod8 = 0
whe n n 7 3

v i a induction:

Basecasen n = 3 . 6 " = 2 1 6 = 0
mod8

Inductivestep Assume
6 "mod8 = 0 , t h e n

6 " " E @ "mod8 ) 46mod8)
mod8

= 0 &

Therefore 6 " mod8={2
%40}

Inn
}§3

Likewise

sina.lk#Hf3E
w e prove 7 "

mod8 = {Y} flondd

v i a induction:

↳ cont'd



Baseco-ese n = O , t h e n 7 0 = 1 mod8

Inductivestep-Assaeve> "mod8 = {I> 2 "

7 , n odd.

T h e r e a r e t w o c a s e s .

Case- I Assume 2 I n . Then n t 1 i s odd and

I n t ' E > n o7 = 1 . 7 mod8 = 7

Ca s e d A s s u m e n i s odd. Then n t 1 i s e v e n

a n d
i n to = 7 n o >h e 7 . 7 I 49 mod8 = t

w e h a v e shownt h a t

>
h t t

= {1
i f 21@ti)

> i f n a e i s odd.

Inductive Principle givest h e
desired c la im

t o ,

Therefore

6 " t 7h = {dt
1 mod8 , n = o

l e t7 mod8 , n = I

l":::::..I , n > 2 and n e v e n

o r

647={2511%
0}%9 I , n >2 i s e v e n



4 Is exp(bln(n)c) 2 ⇥(n)? Prove or disprove. Recall that bxc is obtained by rounding x down

to the nearest integer.

exp(Linn)) e 0 Cn)

7¥
s h o w th i s , w e needt o

find C ,c 7 0 s o

t h a t fo r a l l n 7 1 s

c n £ e x p (Linn))I Cn ,
o r equivalently,

celnn← et
I n nJ £ Ce'n n ,

o r equivalently

< ← e
L 'n n J - I n n ← c .

T o find suchc ,C , n o t et h a t f o r a l l
n E I ,

Cnn - l ) - I n n £ L I nn ) - I n n £ I n n - I n n ,

o r equivalently
- , ⇐ Linn)-In n E O .

Exponentiatingt hese inequalities, w e h a v e t h a t

e-l ← e l ln n J - I n n £ 1

s o w e h a v e found 6 = 1 and ⇐ e -' t h a t

sa t i s f y
a n £ exp(Linn))£ C n

fo r a l l n 7 1 .
7¥



5 Define the sequence of nested roots
p
m,

p
m+

p
m, . . . by the recurrence xn+1 =

p
m+

p
xn

for n � 1, with the base case x1 =
p
m. Prove that, if n � 1, then

xn <

r
m+

1

4
+

1

2
.

Hint: prove an upper bound on x
2
n.

€
s h o u l d b e

×
n t ,

= I T
t o match t h e

givensequence
1 7£ (with a n t i = Mtn)
T h e claimed board i s equivalent t o

x p < ( f t + £5.
W e provet h i s v i a

induction.

Basecasei wh e n n - l ,
Xin= (Tm)

2

<(Tmtty t £5.

Inductivestep Assume t h a t xp<( imy t £)?
Then

x n t , = F t n <Txntm (then"d÷¥E'

s o × Fti£ X n t m < (may + g )
I t%j×nt

m)

a n d n o t e t h a t

¥ - t £)2 = m t f t 2 .LimtIy t §
= Tmtty t tat M o

T h o s w e h a v e t h a t

× I t , L (TmtIy t f )2.

The claim follows from the principleof induction.
TE



6 Let m and n be two nonnegative integers not both zero. The least common multiple

lcm(m,n) is the smallest nonnegative integer divisible by both m and n. Prove that

lcm(m,n) =
mn

gcd(m,n)
.

171 w e u s e a d i rect proof. For convenience l e t g-godcm,
n)

a n d w r i t e m = gdand n-gd!ThenI =m§= gold"

i s o u r claimed 1 cm . N o , t h a t I = o nd ' = nd i s a

c o m m o n multipleo f M andn , s o i tsufficest o s h o w

t h a t any c o m m o nmultiplec o f m and
n i s divisibleby

Q t o establish t h a t l i s i ndeed 1 c mlm ,n ) .

T o s h o w th is , w e n o t ef i rs t t h a t d andd 'are c o p
r i m e

(otherwise w e could absorb t he i r common
factorsintog t o

get a larger common divisor).
T h i s m e a n s i n particular

t h a t anynumber
divisible b yd and

a l so divisiblebyd '

must b e divisible byd d ' : t h i s
i sestablished i n in-text

exe rc i se 10.7( b ) .

N o w l e t c b e a c o m m o nmultiple
o f M andn ,thenf o rs o m e× ,

c = m x = gdx, s o §=dx,showingd/(GE).
Similarly,

d'l (Eg). T h i s impliest h a t
old9 (Eg),and therefore

gdd' K . Recall t h a t
f - gold'ss o w e h a v e

s h ow n

a l lc fo ranycommon
multipleC o f

M and n , w h i c h

suffices t o establish
t h a t legIdnym,n,=

1 cmCm,aD.

E d
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