
FINAL v1: 180 Minutes

Answer ALL questions.

NO COLLABORATION or electronic devices. Any violations result in an F.

NO questions allowed during the test. Interpret and do the best you can.

GOOD LUCK!

You MUST show CORRECT work to get full credit.

When in doubt, TINKER.

1 2 3 4 5 6 Total

200 30 30 30 30 30 350



1 Circle one answer per question. 10 points for each correct answer.

(1) Consider greedy coloring on a graph with n vertices. Which of the following is true about the number
of colors c that will be used to color the graph?

A c  �(G)

B c � maxni=1 �i + 1

C c  �(G) + 1

D c  maxni=1 �i + 1

E Not enough information

(2) How many ways can 7 men and 7 women in a dance class be paired into couples of di↵erent genders?

A 7!

B (7!)2

C
�7
2

�

D
�7
2

�2

E None of the above

(3) How many 7-bit sequences begin with 1 or contain 100 starting at position 3?

A 16

B 64

C 72

D 80

E None of the above

(4) 13 cards are dealt randomly from a standard 52-card deck. Compute the probability of getting three Aces.

A
�4
3

��48
10

�
/
�52
13

�

B
�52
4

�
/
�52
13

�

C 30/
�52
13

�

D (4/52)3
�13
3

�
/
�52
13

�

E None of the above

(5) Jianyou and Rishi are randomly positioned in a line of five total people waiting to buy movie tickets.
What is the probability that Jianyou and Rishi are adjacent to each other in line?

A 1/5

B 2/5

C 1/25

D 1/20

E None of the above
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(6) What is the contrapositive of “If xy is even, then x is even or y is even”?

A If xy is odd, then x is odd or y is odd.

B If xy is odd, then x is odd and y is odd.

C If x is odd and y is odd, then xy is odd.

D If x is odd or y is odd, then xy is odd.

E None of the above

(7) The independent random variables X and Y have the same pdf, p(k) = 2�k for k 2 N. Compute
P[X = Y].

A 1/6

B 1/3

C 1/2

D 2/3

E 4/5

(8) Let f(n) = ln(n2) + ln2(n). Which of the following asymptotic relations is most precise?

A f(n) 2 ⌦(ln(n))

B f(n) 2 !(ln(n))

C f(n) 2 o(ln(n))

D f(n) 2 ⇥(ln(n))

E f(n) 2 O(ln(n))

(9) In which of the domains N,Z,Q,R is it true that 8y : (9x : x2 = y)?

A Q

B R

C Q and R

D N and Z

E N,Z,Q, and R

(10) Which string cannot be generated by the CFG S ! " | 0 | 1 |S0S?

A 1010

B 1001

C 01101

D 0010

E All of the above can be generated

p→ q h a s
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×
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✓ E → s o s→ o o s → o os o s → 00005 - 700 10e
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1

1

0
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(11) Which string is accepted by this DFA?

A 1011

B 101000

C 101101

D 110011

E 1110101

(12) What is the coe�cient of x7 in (
p
x+ 5x)10?

A
�10
4

�
56

B
�10
5

�
54

C
�10
6

�
54

D
�10
7

�
53

E
�10
7

�
57

(13) Which is logically equivalent to (p ^ ¬q) ! r?

A (¬p ^ q) _ r

B (¬p _ ¬q) _ r

C ¬r ! p _ ¬q

D ¬r ! ¬p _ q

E ¬r ! ¬p ^ q

(14) Two garages have 200 cars each; cars are either red or white. The first garage has exactly 25 red cars
and the second garage has exactly 10 red cars. You were asleep when your friend pulled into a randomly
chosen garage. You look around and the first car you randomly see is red. What is the probability that
you are in the first garage?

A 1/2

B 3/5

X a i d s a t 92

"EE('8)15×5%0"
X =¥%('f)
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C 4/5

D 5/7

E None of the above

(15) Reggie has fifty textbooks, and a bookshelf with six shelves. How many ways can Reggie arrange his
books on these shelves if the order of the books on each shelf does not matter, and each shelf can hold
all fifty books?

A 506

B 650

C
�50
6

�

D 50!/6!

E None of the above

(16) Evaluate the sum T (n) =
Pn

i=1(3i+ 3�i).

A 1
2

�
3n2 + 3n� 3�n + 1

�

B 1
2

�
3n2 + 3n� 3�n + 3

�

C 1
2

�
3n2 � 2n� 3�n + 1

�

D 1
2

�
3n2 � 2n� 3�n + 3

�

E None of the above

(17) If L R LEXP, which of the following is true?

(I) L is decidable
(II) L is in the class P (the set of e�ciently solvable problems)
(III) L is recognizable

A I only

B II only

C III only

D I and III only

E I, II, and III

(18) If P (2) is true and P (n) ! (P (n2) ^ P (n� 2)) for n � 2, which of the following can I conclude?

A P (120) is true

B P (46) is not true

C P (1) is not true

D P (11) is true

E None of the above
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×

X fromimplicationsw e s e e Pln) t r e e when n e v e n

(saysnothingaboutwhether P (n) i s t r u e o r
falsew h e n n i s odd)



(19) Which of these degree sequences is graphical?

A [3, 2, 2, 2]

B [3, 3, 3, 1]

C [3, 3, 3, 2]

D [3, 3, 3, 3]

E None of the above

(20) Which set is not countable?

A The set of subsets of N.

B The set of all possible FOCS finals.

C The set of eventually constant infinite sequences on Z.

D The Cartesian product of two countable sets.

E The set of finite subsets of Q.

X - Ky h a st h i s degree sequence

←
c a ngeta

bigectiont o set
o f infinite

binary

sequences,
s o

uncountable

×
← eachi s a

finitelengthbit
stringi n

ASCII,

andE
* i s

countable

(from a Heedquestion,
t h i s

[ i s countable

[ w e knowA x Bi s
countable i f

A ,B a r ebyt h e
tabularargument

usedt o show N
x Z i s countable

c a n geta n injection
t o I * , s o countable



2 There are initially n pairs of chopsticks, then m of the chopsticks randomly break during
transportation. We say that a pair arrives intact if neither of its chopsticks are broken.
What is the expected number of pairs that arrive intact? Hint: take Xi = 1 if the ith pair

arrives intact.

L e t X b e t h e n umbe r o f pairst h a t a r r i ve i ntac t ,

X = I zX i .
Then

e x = .¥,E X i .
N o r t h a t × i n Bern(p), whe re

p ; D CX i = 1 )
= Plln o n eo ft h echopsticks i n t h e ithpairbreak)

T.in#:..i.Im...iniii.m.
=2n&(2n-m)C2n-
m-D = p

Since E l l i= p ,= p , w e h a v e

Ets=np=£@n%X%-
m#tµ



3 If L and L are recognizable, show that L is decidable by sketching a decider for L.

L e t R , and R z b e recognizers for L and £

respectively. Here i s t h e pseudo-code
f o r

a decider o n f o r L :

I npu t : W E E t

Procedure: U s e a universal Turing machine t o
r u n

R ,( w ) and Az( w ) i n parallel.
- I f R , finishes f i r s t andaccepts, o r

R , finishes f i rs t and rejects,t h e n

ACCEPT
- I f R , finishesf i rs t a n d rejects, o r

R , finishesf i r s t and accepts,
t hen

REJECT.

T o provet h a t t h i s i s a decider
fo r L , consider

t h e c a s e s :

1 )w E L E t h e n R , wil l halt andACCEPT
because

i t i s a recognizer f o r L . I f R , ha l ts
and

RE J ECTS f i r s t , t hen µ r e t u r n s ACCEPTa s

i t should. Otherwise R , wi l l h a l tf i rs tandACCEPT

first,s o M wi l l ACCEPTa s i t should. I n either

c a s e , M accepts W .



2 ) c o&L : t hen Rabid ha l ta n d ACCEPT

because w e £ . I f R , ha l tsandACCEPTS

f irst , t h e n M will RE J ECTa s i t should.

Othe rw ise R , w i l l h a l tand R E J ECT f irst ,

s o M wi l l REJECT a s i t should. I n

either case , M rejects w .

Since M h a l t s and ACCEPTS c oE L and

ho l ts and resects w ¢ L , M i s a decider

f o r Lo



4 Consider the repetition language L = {!! |! 2 {0, 1}⇤}. Show that this problem is in P (the
class of e�ciently solvable problems) by giving pseudocode for a decider and analyzing
the worst-case runtime.

Ta k e t h e s i z e o ft h e inputt o b e t h e lengtho f halfo fwa r ,
called n . Recallt h a t a nproblemi s i n P i f there i s a decider

f o rt h a t problemt h a t r u n s i n t i m epolynomial i n n
o n a n y

reasonableT a oingarchitecture. F o r simplicityw e u s e a

Turingmachinew i t h t w o tapes.

9 ¥ , t h a tt h e input
isFfo@h1oen.n

amber

o f bits)andr e t u r n t o s t a r to f inputo n tape1 .

2 .Copyinputt o tape2 andreturn
t os t a r to f b o t htapes.

3 . I f t h e f i r s t character i s w , accept
ftp.mthooemjieddfapoefnethdesimf
.net#g'IoitLri you

encounter t h e f i r s tunmarkedtoi t o n tape1 ." I f there i s n o

unmarked b i to ntape1 , ma r k t h eb i t t o
t h e righto f

t h e c u r r e n t positiono n tape2 , and GOTOstep5 .

O t h e rw i s e ma r kt h i s b i t o n tape1 andm o v et ot h eright
until youencounter t h e l a s t

unmarkedb i t o ntape1 . I f you
e n c o u n t e r w beforea markedb i t , m o v et h eheadsb a c k

byo n e b i t and m a r k t h i s b i t
o n tape1 .

Moveb o t h headsbackt o t h e s t a r t
o f inputandG OT O

step4 .
5 . Move t o t h es t a r to f inputo n bothtapes,andoverwrite

tape1 w i t h t h econtents
o f tape2 , n o t including

t h e m a r k . Returnt ot h es t a r t o f bothtapes



Checkthetevohaluesoftheinputmatch

6 . Movet o t h e m a r ko n tape2 , andt h ef i rs t

inputcharactero n tape1 . I f t h e s e
b i t s

d o n o t match, R E J E CT.

7 . M o v e o n c et o t h e righto n bo thtapes.
I f t h e

character o n tape2 i s W , ACCEPT.

I f t h e characterso n t h et w o tapesd o no tmatch,
R E J ECT. Otherwise G OT O step7

N o w w e analyzet h ewo r s t - c a s e runtime.On e w o r s t
c a s e inputo fLizen i s t h e stringconsisting

o f 2 n o n e s ,

b e c au s e bo th halveso f t h estringm u s tb echecked
completelybeforeaccepting. W i t h t h i s input:

- Setup t a k e s - 0(n ) operations
- Step4 takes - 0(n ) t o ma r k b i t s a t

bothendso f

t h e stringand r e t u r nt o t h esta r t .
T h i s m u s t b edone

- 0( n ) times. Step5 t akes0 (n )ops. Overall,
Findiogandmarkingthemiddle t a k e s 0 6 4 operations

- C h e a i c h t a k e s@(n)operations

T h o s T (n )= Q ( R ) f o r t h i sdecider, wh ich s h ow s

t h i s problem i s i n P .



5 Consider the set F recursively defined as follows: (i) 1 2 F , (ii) f 2 F ! ! + 1/f 2 F for
! 2 {0, 1, 2, . . .}.

Prove that F is the set of positive rational numbers:
(i) Prove that every element in F is a positive rational number.
(ii) Prove that every positive rational number is in F : specifically, let x = a

b where a, b 2 N, and show that
x 2 F by strong induction on b. For the base case take b = 1 and prove that a 2 F for all a 2 N. For
the induction step, assume a

b 2 F for b 2 {1, . . . , n} and a 2 N, then show that a
n+1 2 F .

Hint: the quotient remainder theorem is helpful in the induction step.

C I R C E w e c a l lt h i s ON+

( i )
¥¥sestructural inductiont o establisht h a t i f x E F
t h e n x e I Q+ .

Thebase c a s e 1 E Q t . N o w a s s u m e

t h a t f e t alsosatisfies f E E , t h e IQ+ , sofo rany
w e 20,1,2,...}, w e havet h a t w t ¥ e o f f .B yst ruc tu ra l
induction, F E A t a

strong
( i i ) w e usedinductiont o establisht h a tQ E F .

F o r

t h e b a s e cases,n o t e t h a t 1 E I , s o usingt h e
constructor ro le w e h a v et h a t 1 t W E F f o r any
c o E No o

s i n c e I N = { x = I t w / w E No} ,w e h a ve

t h a t i n E F - T h u s f o r any × E I Q+
o f t h e

form x = § , w e h a v e t h a t X E F .

F o r t h e inductivestep, a s s u m e t h a t X-age¥ when

b e { i , . . . ,n}and a E I N . F ixa n a E N . Bythequotientremainder

theorem, a = go(htt)+ r w h e r e q E
N and

R E N satisfies 0 £ r G n . Therefore,

¥ , = oftone, = g t#-)-t.



w e showed t h a t N E F , s o 9E I .
W e a l s o havet h a t nth t a k e s t h e fo rm

§ w h e r e a E I N and B E { I , . . . , n } , s o

b y t h e inductivehypothesisn ¥ E F . By
t h e c o n s t r u c t o r r u l e f o r F ,

¥ = 9+ CI)-'e¥

Byt h e principleo fstrong
induction,w e conclude

t h a ta l lnumbers o f t h e fo rm 9g w h e r e a E N

and B E N a r e i n t o

T h i s i s exactlyOly, s o w e have
established

t h a t

0 ¥ I .



6 Suppose x
2 is a multiple of y for integers x, y > 1. Show that gcd(x, y) > 1. Hint: use

prime factorization or Bezout’s Identity.

Prof (Beeout's Identity)

w e u s e proofbycontradiction.Assume y
1×2andgod( x ,ghent,then

byBezoat's Identity
t h e r e a r e integerso n and n satisfying

M X t n g
= 1 .

I t follows t h a t m x
2 t nyx

= X . Byassumption

Y ", s o y 1 (mx 2t n yx ) .
Thus glx and w e

h a v e

t h a t ged( x ,g)= g > I ,
a contradiction.

Therefore

e i t h e r yx x
2 o r god( x ,g)7 1 .

⑦
P t (Primefactorization)

A s s um e t h a t g
1×2.W e u s e a direct proof.B yt h e primefact.

t h e0 r e m (fundamentaltheorem
ofarithmetic>, there

i s a

a uniquefactorization
o f X a s a product o f powers

o f primes• That?'a,p , a zpz...a *P k
f o r s o m e K 3 I > primenumbersq..-ah,

andpi'-Pk i n 1N.Thus,

×2= a,2pc a 22PZ..-afPk.

S ince y
divides t h i s number, i t

d o e snotcontainanyprime

o t h e r t h a n a , s . . . ,a k (otherwisebywriting×
a s a product

involvingt h eprimefactorization
o fg , w e woulds e e t h a t

× containsother primest h a n a ,s . . . ,ah,
which contradictst h e

fundamentaltheorem o f arithmetic).



T h a t i s , y = 9,919292...a £9k

whe re g . , . . . , 9h, E N satisfy O s g i s I p i .

By assumption y>d , s o
t h e r e i s s o m e i s o t h a t

9 ; i s n o n z e r o .

I t follows t h a t god( x ,g)z q .99> 1 .

Ex
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