
MIDTERM: 120 Minutes

Answer ALL questions. You may use one double sided 81
2 ⇥ 11 crib sheet.

NO COLLABORATION or electronic devices. Any violations result in an F.

NO questions allowed during the test. Interpret and do the best you can.

You MUST show CORRECT work, even on multiple choice questions, to get credit.

GOOD LUCK!

1 2 3 4 5 6 Total

100 20 20 20 20 20 200



1 Circle one answer per question. 10 points for each correct answer.

(a) Compute the sum

4P
n=1

3
n
.

A 120.

B 121.

C 242.

D 243.

E None of the above.

(b) What is the last digit of 3
11
?

A 1.

B 3.

C 7.

D 9.

E None of the above.

(c) A graph has degree sequence [6, 6, 3, 3, 3, 2, 2]. How many edges does this graph have?

A 12.

B 25.

C 30.

D Not enough information to say.

E Such a graph does not exist.

(d) Suppose a connected planar graph has 18 vertices, each of degree 3. Into how many regions does any

planar representation of this graph split the plane?

A 6.

B 11.

C 27.

D 40.

E None of the above.

(e) Compute 102
1211

mod5.

A 0

B 1

C 2

D 3

E 4
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(f) Which of the following numbers evenly divides 102
1211 � 3

1211
?

A 5

B 17

C 2

D 99

E None of the above

(g) The negation of “If Lassie vomits then she ate grass or she is sick” is:

A If Lassie didn’t eat grass and is healthy, she will not vomit.

B Lassie vomited and did not eat grass and is not sick.

C When Lassie eats grass or is sick, she does not vomit.

D Lassie did not vomit and she ate grass and is sick.

E None of the above.

(h) Which claim below is true?

A If x, y 2 Q then y
x 2 Q.

B x is odd if and only if x
2 � 1 is divisible by 8.

C If p is prime, then k
p � k is not divisible by p, for any integer k.

D None of these claims are true.

E All of these claims are true.

(i) Which of the following asymptotic relationships is correct?

A (n+ 1)! 2 O(n!).

B (n+ 1)! 2 !(n!).

C (n+ 1)! 2 o(n!).

D (n+ 1)! 2 ⇥(n!).

E None of the above.

(j) Which of the following recursions defines a sequence Tn satisfying Tn 2 ⇥(2
n
)?

A T1 = 2;Tn = T
2
n�1 for n > 1.

B T1 = 2;Tn = 2 + 2Tn�1 for n > 1.

C T1 = 2;Tn = 2nTn�1 for n > 1.

D All of the above.

E None of the above.
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2 Let p be prime. Consider an integer b 2 [1, p � 1]. Use Bezout’s Theorem to show that
there exists an integer x 2 [1, p� 1] that satisfies bx ⌘ 1 mod p.

P r f
Jince p i s primeand pXb, w e h a v e god(p>b )= 1 .

By Bezout's t hm , t h e r e e x i s t integers E and y
satisfying 1 = B I t Pg-
Thos b I = 1 modp .

B yt h e r u l e s o f modu l a rarithmetic,
B Y = (bmodp )( Kmodp)

modp

= b . (Emodp) modp ,
s o letting x = I modp , w e s e e t h a t

b x E 1 modp.

Bydefinition, × i s a n integer i n [ O , p-135
t h e fac t t h a t b x #O modp te l l s u s t h a t x ¥ 0 .

Therefore × e f i , p-D i s a n integer
t h a tsat is f ies

b e 1 modp
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3 Prove or disprove: every graph with n vertices and n� 1 edges is a tree.

T h i s i s false. Here i s a counterexample:

• • - •

µ
T h i s graph h a s 4 ver t ices and 3 edges,b u t

contains a cyclea n d i s n o t
connected, and

i s therefore n o t a t r e e

#



4 For any positive integer k, prove that 1
k
+ 2

k
+ · · ·+ n

k 2 ⇥(n
k+1

).

¥
Direct ,usingt h e Integration

Method.

From t h e l o w e r bound integrationmethod,

¥2i " z µkdx = I I I = c . n " " w h e r e
.

c = L
K t l

From t h e upper
bound integration method,

E.i " s fitted × E n t " - t

K t I K t I

< ( n tightI
¥

( G n ) " " wh e n n > I
#

= ( o nK t ' w h e r e [ = 2¥ ' a
K t 1

T h i s s h o w s t h a t w h e n n > l ,

c n
K t ' £ . ¥2,i k £ ( nk t ' f o r s o m e G c >0 ,

s o by definition
, ¥,i n = o (n't)



5 Let An = 1 · · · 1| {z }
n ones

for n � 1. Notice that An = 10An�1 + 1 for n � 2. Use induction to show

that An ⌘ 3 mod 4 when n � 2.

¥
B y induction.
Basecasen A , = 1 1 = 8 + 3 , s o A 2=3mod4

Inductivesrepe Assume An-,E 3 mod4 , t hen

Anmod4 = 40An-, t 1 ) mod4

£10mod4)o (An-,mod4)mod4 t 1 )mod4

= [2 .3mod4 t 1 )mod4

= 3 .

Byt h e principleo f induction, i t n z 2 :
Anmod4 = 3

Fox



6 Determine the type of proof, and prove: every odd natural number is the di↵erence of
two perfect squares.

Proof
F i a t . L e t x = 2 ht 1 b e a n odd natu ra l

number, t h e n
X =@t1 )2 - n

2

s o × i s t h e differenceo f t w o perfectsquares

#
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