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PROBABILITY INEQUALITIES FOR SUMS OF BOUNDED
RANDOM VARIABLES!

WassiLy HoEFFDING
University of North Carolina

Upper bounds are derived for the probability that the sum S of n
independent random variables exceeds its mean ES by a positive num-
ber nt. It is assumed that the range of each summand of S is bounded
or bounded above. The bounds for Pr{S—ES>nt} depend only on
the endpoints of the ranges of the summands and the mean, or the
mean and the variance of S. These results are then used to obtain
analogous inequalities for certain sums of dependent random variables
such as U statistics and the sum of a random sample without replace-
ment from a finite population.

1. INTRODUCTION
E’I‘ X1, Xs, - - -, X, be independent random variables with finite first and
second moments,
S=X:+ -+ X, X = 8/n, 1.1)
u = EX = ES/n, o2 = nvar(X) = (varS)/n. (1.2)
(Thus if the X; have a common mean then its value is p and if they have a com-

mon variance then its value is ¢2.) In section 2 upper bounds are given for the
probability

Pr{X — u >t} = Pr{S — ES > nt}, (1.3)

where >0, under the additional assumption that the range of each random
variable X is bounded (or at least bounded from above). These upper bounds
depend only on ¢, n, the endpoints of the ranges of the X, and on g, or on u
and o. We assume ¢ >0 since for ¢ <0 no nontrivial upper bound exists under our
assumptions. Note that an upper bound for Pr {X—u>t} implies in an ob-
vious way an upper bound for Pr { —X+u>t} and hence also for

Pr{|X—p| 2t} =Pr{X—u>t}) +Pr{-X+u>t}). (14

Known upper bounds for these probabilities include the Bienaymé-Cheby-
shev inequality

- o?
Pr{| X —u| >t} <—> (1.5)
nt?
Chebyshev’s? inequality
- 1
Pr{X —u>t} < —— (1.6)
nt?
14—
0-2

1 This research was supported by the Air Force Office of Scientific Research.,
2 Inequality (1.6) has been attributed to various authors. Chebyshev [14] seems to be the first to have an-
nounced an inequality which implies (1.6) as an illustration of a general class of inequalities.
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(which do not require the assumption of bounded summands) and the in-
equalities of Bernstein and Prohorov (see formulas (2.13) and (2.14)). Surveys
of inequalities of this type have been given by Godwin [6], Savage [13], and
Bennett [2]. Bennett also derived new inequalities, in particular inequality
(2.12), and made instructive comparisons between different bounds.

The method employed to derive the inequalities, which has often been used
(apparently first by S. N. Bernstein), is based on the following simple ob-
servation. The probability Pr {S—ES>nt} is the expected value of the func-
tion which takes the values 0 and 1 according as S—ES—nt is <0 or >0.
This function does not exceed exp {h(S—ES—nt)}, where h is an arbitrary
positive constant. Hence

Pr{X — u >t} = Pr{S — ES > nt} < Eeh-Es—no, 1.7

If, as we here assume, the summands of S are independent, then

Eeh(S—ES—nt) p— e—hnt InI Eeh(X‘S—EX.')_ (18)
=1

It remains to obtain an upper bound for the expected value in (1.8) and to
minimize this bound with respect to h. The bounds (2.1) and (2.8) of Theorems
1 and 3 are the best that can be obtained by this method under the assump-
tions of the theorems. They are not the best possible? bounds for the probability
in (1.7). The bounds derived in this paper are better than the Chebyshev
bounds (1.5) and (1.6) except for small values of ¢ or small values of n. Typi-
cally, if ¢ is held fixed, they tend to zero at an exponential rate as n increases.

The bounds of Theorems 1 and 3 are compared in section 3. The proofs of
the theorems are given in section 4.

In section 5 the results of the preceding sections are used to obtain prob-
ability bounds for certain sums of dependent random variables such as U
statistics and sums of m-dependent random variables. In section 6 a relation
between samples with and without, replacement from a finite population is
established which implies probability bounds for the sum of a sample without
replacement.

The following facts about convex functions will be used; for proofs see refer-
ence [7]. A continuous function f(z) is convex in the interval I if and only if
fpz+1—p)y) <pf(z)+(1—p)f(y) for 0<p<1 and all z and y in I. If this is
true for all real z and y, the function is simply called convex. A continuous
function is convex in I if it has a nonnegative second derivative in I. If f(x) is
continuous and convex in I then for any positive numbers p;, - - -, px such
that p1+ - -+ +py=1and any numbers z;, - - -, 2y in I

f < :le;x;) < é pif(@)). (1.9)

This is known as Jensen’s inequality.

3 By the best possible bound for the probability in (1.7) is meant the least upper bound which depends only
on ¢, n, the endpoints of the ranges of the X;, and x (or s and o). Approximations for the probability in (1.7) which
involve the upper bound in (1.7) (minimized with respect to k) have been considered by several authors; see, in
particular, Bahadur and Rao [1], where references to earlier work can be found. The present paper is concerned
with exact bounds, not with approximations for the probability.
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2. SUMS OF INDEPENDENT RANDOM VARIABLES

In this section probability bounds for sums of independent random variables
are stated and discussed. The proofs are given in section 4.

Let X1, X3, - - -, X, be independent random variables and let S, X, u, and
o® be defined by (1.1) and (1.2). First we consider bounds which do not depend
on ¢2

Theorem 1. If Xy, X, - - -, X, are independent and 0< X ;<1 fori=1, - -
n, then for 0<t<l—p

Pr{X —u>t} < {(» :_ t>“+t<1 i; = t)l_”_t}" @.1)

< gnt'ow) (2.2)
< e—znz” (2.3)
where
1 1—wu 1
g(w) = T In . for0<n<3: (2.4)
g(u)=—-—1— for—1Su<1-
2u(l — u) 2

The assumption 0 <X ;<1 has been made to give the bounds a simple form.
If instead we assume a < X;<b, the values u and ¢ in the three upper bounds of
the theorem are to be replaced by (1—a)/(b—a) and t/(b—a), respectively.

If £>1—p, then under the assumptions of Theorem 1 the probability in
(2.1) is zero. Inequality (2.1) remains true for ¢=1—p if the right-hand side
is replaced by its limit as ¢ tends to 1—pu, which is u”. In this special case the
sign of equality in (2.1) can be attained. Indeed, if {=1—py, then Pr{X — p>t}
=Pr{X=1}=Pr{S=n}, and Pr{S=n}=pu" if

Pr{X; =0} =1—p,  Pr{X;i=1}=p, s=1,---,n, (2.5)

that is, if S has the binomial distribution with parameters » and p.

The bound in (2.1) is the best that can be obtained from inequality (1.7)
under the assumptions of the theorem. Indeed, it is the minimum with respect
to h of the right-hand side of (1.7) when the X; have the distribution (2.5).

For the special (binomial) case (2.5) the inequalities of Theorem 1 ex-
cept for (2.2) with x<3) have been derived by Okamoto [11]. Inequality

4 The following remarks are based on a referee's comments. If in Theorem 1 the assumption X; <1 is dropped
that is, if it is only assumed that the X; are non-negative with finite means, then Markov's inequality Pr { X—u Zt}
<u/(p+t) cannot be improved upon. (The bound is attained if X1 takes the values 0 and n(u-¢) with respective
probabilities ¢/(u-+t) and u/(s-+t), and X3= - -+ =X, =0 with probability one.) Thus the assumption that the
X; are bounded on both sides is crucial to getting any improvement over Markov's bound. (The improvement
takes place when n and ¢ are not too small.) Similarly, in Theorem 3 the assumption X; <b is crucial to getting
any improvement over the Chebyshev bound (1.6).—Further improvements could be obtained by using, instead
of (1.7), inequalities of the form Pr { S ZA} <EZc¢; exp hiS, where the ¢; and h; are so chosen that, with probability
one, Zc¢; exp kS >0 for S <A and >1 for S>A. For example, if 0 <X;<1, then 0 <S<n and hence Pr {SZA}
<E(@S—-1)/("4~1) for h>0. With A =n(u-+t) and k =ho as defined in (4.7) this yields a slight improvement
over the bounds of Theorem 1.
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(2.1) for the binomial case is implicitly contained in Chernoff’s paper [3,
Theorem 1 and Example 5].

The following theorem gives an extension of bound (2.3) to the case where
the ranges of the summands need not be the same.

Theorem 2.1f X1, X, - - - , Xnareindependent and ¢, <X;<b; (:=1,2, - - -,
n), then for t>0

Pr{X — p > t} < 2tz mGiad?, (2.6)

As an application of Theorem 2 we obtain the following bound for the dis-
tribution function of the difference of two sample means.

Corollary. £ Yy, - -+, Y, Z4, - - -, Z, are independent random variables
with values in the interval [a, b], and if T=(Yi+ -+ - +YVn)/m, Z=(Z,
+ -+ +4+Z,)/n, then for t>0

Pr{Y — Z — (EY — E2Z) > t} < eI M) (-a)”, 2.7)

The inequalities of the next theorem depend also on the variance ¢%/n of X.
We now assume that the X; have a common mean. For simplicity the mean is
taken to be zero.

Theorem 3. 1f X, X, - - - , X, are independent, EX;=0, X;<b(:=1,2, - - -,
n), then for 0 <t<b

_ b\~ (tbtloP)o? ] (*+e?) £ \—(1—¢/0)b? (BP+o?)) n
PriX >t} < {(1 +—;) (1 - ?) } (2.8)
g

< g @tIB) [(+o*/be) In(1+bt/e®)~1], (2.9)

Here the summands are assumed to be bounded only from above. However,
to obtain from this theorem an upper bound for Pr{|X| >¢}, we must assume
that the summands are bounded on both sides.

Inequality (2.8) is the best that can be obtained from (1.7) under the present
assumptions. It is the minimum with respect to 4 of the right-hand side of (1.7)
when the X; have the distribution

a? b2 a?

Pr{X.-: ——} = » Pr{X;=0b} = )
b2+o.2 b2+a.2

- i=1,---,n (2.10)

Inequality (2.8) is true also for ¢=>b if the right-hand side is replaced by its
limit as ¢ tends to b, which is [¢2/(b2+0?) ]. In this case the sign of equality in
(2.8) is attained when the distribution is (2.10).

The bound (2.9) is due to Bennett ([2], inequality (8b)). (Bennett’s nota-
tion is different from mine. His first proof assumes ] X .~| <b(=his M), a second
proof (pp. 42-3) uses only X;<b.)

If we let

7\=E; T=_n_t, (2.11)

a? b

Bennett’s inequality (bound (2.9)) can be written
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— 1
Pr{X >t} < e, k() = (1 +T> In(1+3 -1 (212)
Bennett has shown that (2.12) is better than Bernstein’s

Pr{X >t} <e®,  py(\) = (2.13)

20+
Inequality (2.12) is also better than Prohorov’s [12]
Pr{X >t} < e, (2.14)

h(}\)_l ‘hk—ll(}\-l-l-l-()\ 2:|1/2’
3 —2arcsm 2—2n 5 I: 2) )

Indeed, it can be shown that the bound in (2.12) is the best bound of the form
exp (—7h(\)) that can be obtained from (2.8) and hence from (1.7). If A is
small, Bernstein’s bound (2.13) does not differ much from Bennett’s (2.12).

Under certain conditions X is approximately normally distributed when # is
large, so that, for y=+/7 t/¢ fixed,

- - oy 1 © o,
— —_ — - —_—— —z*[2 — — .

Pr{X —u >t} Pr{X p> \/,-,} '\/21rj:, ey = ®(—y) (2.15)
as n—o. (Sufficient conditions are ne*—>» and Y E I X,—EX ;] 3/(av/n)3—0.)
It is instructive to compare the present bounds with the upper bound for ®(—y)
which results from inequality (1.7) when X is normally distributed. In this
case the right-hand side of (1.7) is exp(—hnt+h®ne?/2). If we minimize with
respect to A we obtain

- nt

Pr{X —u>t} = <1>(— vn > < gnt'f2? (2.16)
[~

or $(—y) <exp(—y?/2), where y>0. This bound for ®(—y) is rather crude,

especially when y is large, in which case ®(—y) is approximated by

1

—y2
o exp(—y?*/2).
In contrast, the bounds (2.1) and (2.8) are attainable at the largest nontrivial
values of ¢. It is interesting to note that the bound (2.2) with u>1is equal to
the right-hand side of (2.16) in the binomial case (2.5). The bound (2.6) of
Theorem 2 is equal to the right-hand side of (2.16) in the case where Pr{ X;=a;}
=Pr{X;=b;} =} for all <. Bernstein’s bound (2.13) is close to the right-hand
side of (2.16) when A =bt/0? is small. The same is true of the bounds of Theorem
3.

The inequalities of this section can be strengthened in the following way.

Let Sn=X14 -+ +X,, for m=1, 2, - - -, n. It follows from a theorem of
Doob, [7, p. 314] that
Pr{ max (S, — ESn) > nt} < Eeh(8n—ESn—ni) (2.17)

1<m<n
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for A>0. The right-hand side is the same as that of inequality (1.7) (where
S=28.). Since the inequalities of Theorems 1, 2, and 3 have been obtained from
(1.7), the right-hand sides of those inequalities are upper bounds for the prob-
ability in (2.17) under the stated assumptions. This stronger result is analogous
to an inequality of Kolmogorov (see, e.g., Feller [5, p. 220]).

Furthermore, the inequalities of Theorems 1 and 2 remain true if the as-

sumption that X, X,, - - -, X, are independent is replaced by the weaker
assumption that the sequence S, =Sn—ESn, m=1,2, - - +  n, is a martingale,
that is,

E@Sn|8y, - --,8) =8, 1<j<m<n, (2.18)

with probability one. Indeed, Doob’s inequality (2.17) is true under this as-
sumption. On the other hand, (2.18) implies that the conditional mean of X,
for S!,_, fixed is equal to its unconditional mean. A slight modification of the
proofs of Theorems 1 and 2 yields the stated result.

3. COMPARISON OF BOUNDS

Theorem 1 gives three bounds, each weaker but simpler than the preceding.
Similarly, the second bound of Theorem 3 is weaker but simpler than the first
bound. It is of interest to know under what circumstances the simpler bounds
are close to the more complicated ones and in what cases the latter are appre-
ciably better than the former. We may say that two bounds are appreciably
different if their ratio is not close to 1.

The inequalities of Theorem 1 can be written

Pr{X —u >t} < 41< 42 < 4, (3.1)
where
Al — e—MzG(t.p), A2 i e—ntzo(p), Aa —_ e—ZntZ, (32)
t t
t2G(t,u)=(u+t)ln<1 +—>+(1—#—t)ln(1—1 ) (3.9)
u _
() LI for0 < p < — (3.4)
= n or -_— .
g\u 1—2u " “ D) )
(W) L f s <1
glu) = ———— or—<u<lL
2u(l — ) 2

The bounds 4, and A; are easily compared by inspection. In particular,
As=A;if and only if u=1.

We now compare A; and A,. If t<u as well as {<1—u, we have the conver-
gent expansion

G(t)_1<1+1)+1< 1 1)t
T\ =) Tes\a—w

_|__1_< 1 +i)t2+..._ (3.5)
3.4\ —p)?  ud
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If p>% (in which case the series converges for all {, 0 <¢{<1—u), then the
first term on the right is equal to g(u) and all coefficients are non-negative.
Hence the first non-vanishing term in the expansion of G(¢f, u) —g(u) yields a
lower bound. An upper bound can be obtained by noting that the coefficient
of t* with £>1 does not exceed

1 2
2.3 (1 — p)k+!
Hence the expansion is majorized by a geometric series. In the case u=1% the

coefficients of odd powers of ¢ are zero and we get a better upper bound by a
similar method. In this way we obtain

{ 3n } < Ay < { 2u — 1)t3n}
Xp { — — < expy————
TPV B0 - —u—0f "4 TP T ewa —

1
if —5 (3.6
if u> p (3.6)

4t'n } A A { 4, } el @m
Xp{ ———p < — = — < exp3 —— fu=—- (.
ep{ 301 — 4 A, A, S oPyTE" k=7

If the right-hand sides of (3.6) and (3.7) are not close to 1, the first bound
is appreciably better than the second. If the left-hand sides are close to 1, then

the simpler second bound is almost as good as the first.
If

1
p<— then gu) <———-.
2 2u(l — )

Hence if {/u is so small that the first term in the expansion (3.5) approximates
G(t, 1), then A;/Ais close to 1 when

[Eﬁ - g(u)] t*n

is small. Furthermore, we have A;=A4, if {=1—2u. In fact, we have the
identity

2lE¢ W) — gl =0 =2 — G — 2u — t, ) —gW].  (38)

The elementary inequality Inz <z —1 implies

1 1
Gl —2u —t, ) <——— and > —
( " ) o= g(u) 1=,

Hence

ﬁ > g~ ((1=2—1)*/u)n ifu< —1- . (3.9)
4, ~ 2
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Now consider the inequalities (2.8) and (2.9) of Theorem 3. If they are
written as

Pr{X >t} < B, < B, (3.10)
the ratio B1/B: can be expressed in the form
B,

— = gm0, (3.11)
2
where
bt ¢
v=bt+0'2, w=—l—)—: (3.12)
p() + p(w)
o, w) =w m , (3.13)
o(@) =z-2{(1 —2)In(l —2) + 2 — a2}
=Lx+ix2+ix3+---. (3.14)
2.3 3.4 4.5

Since 0 <t<b, both » and w are between 0 and 1. We have p(z) <z/2 for 2<1.
Hence p(v) <3v<1bt/o? and p(w) <3t/b. It follows that ¢(v, w) <#*/(2be?) and

By ( i 3.15
. > exp 2ba2). (3.15)

In a similar way, using p(z) >2/6, we can obtain a lower bound for B;/B..
In particular, if bt/o? is small, so that » may be approximated by bt/¢? then
B1/B, is approximately equal to exp—nt®/(6bs?).

The relation between Theorems 1 and 3 is as follows. If the assumptions of
Theorem 3 are satisfied and the X; are also bounded from below, a <X;<b
(where a <0 <b), then, since EX;=0 and X;—a>0, we have EX;=EX(X;—a)
<Eb(X;—a)=—ab, and hence o< —ab. It is not difficult to show that the
bound in (2.8) is an increasing function of ¢%. If we replace ¢% by its upper
bound —ab, we obtain from (2.8) the inequality which results from (2.1) when
the appropriate substitutions mentioned after the statement of Theorem 1
are made. Thus (2.8) implies (2.1), but Theorem 1 does not require the as-
sumption that the X; have a common mean.

In the same way we can obtain from (2.9) a bound which depends on a but
not on ¢%; however, it is not simpler than the better bound corresponding to
2.1).

4. PROOFS OF THE THEOREMS OF SECTION 2

Let X be a random variable such that a <X <b. Since the exponential func-
tion exp(hX) is convex, its graph is bounded above on the interval a <X <b
by the straight line which connects its ordinates at X =a and X =b. Thus

b—X X —a
eha +
—a b—a

ehX < er?, a<X<h (4.1)
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Hence we obtain
Lemma 1. If X is a random variable such that a <X <b, then for any real

number A
b— EX EX —a
eha +

EetX <
b—a b—a

erd, (4.2)

We now prove Theorem 1. By (1.7) and (1.8) we have for A>0

Pr{X — u >t} < ehnt=tms [] EerX:, (4.3)

t=1

By assumption 0<XX;<1. Let p;=EX,; Then nu=pi+p:+ - - - +u.. By
Lemma 1 with X=X, a=0, b=1, we have

IT Eer=i < TT (1 — i+ pet). 49
=1 =1
Since the geometric mean does not exceed the arithmetic mean,
n 1/n 1 n
{H a- m-i—me")} S—2 (L—pitpe?) =1—p+peh  (45)
=1 T=1
It follows from (4.3), (4.4), and (4.5) that
Pr{X — u >t} < {emmw(1 — u + uet)}n (4.6)
The right-hand side of (4.6) attains its minimum at & =h,, where
(I —wp+1
=In————.
1—p—tu
Since 0 <t <1—up, ho is positive. Inserting h=h, in (4.6) we obtain inequality
(2.1) of Theorem 1.

To prove inequality (2.2) we write the right-hand side of (2.1) in the form
exp(—n*G(t, p)) (as in (3.2)), where

t t le—p—t 1—p—t
prb ptt Iop—t 1op—t (4.8)
2 n 2 1—u

ho 4.7)

GGt w) =

Inequality (2.2) will be proved by showing that g(u) as defined in (2.4) is the
minimum of G({, u) with respect to ¢, where 0<¢<1—pu. The derivative dG(t,
®)/0t can be written in the form

t2%G(t,u)=(1—21;M>ln(1—1-t- )
_<1_2”:H)1n(1—”it>
-1(=)-# (%) “
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where H(x)=1—22z"YIn(l—z). By assumption 0<¢/(p+1t)<1 and 0<¢/
(1—u) <1. For |z| <1 we have the expansion

H(@) =2+ (%—é—)xz + (;———;—):::3 =+ (—i———i—)x‘+ <o, (410)

where the coefficients are positive. Thus H (x) increases for 0 <z <1. It follows
from (4.9) that 8G/dt>0 if and only if ¢/(1—u)>t/(u-+1), that is, t>1—2u.
Hence if 1—2p>0, G(¢, p) has its minimum at {=1—2u and the value of the

minimum is
(12 =*) / @ =20 = g.

If 1—2u<0, then G(¢, u) has its minimum at {=0 and the value of the mini-
mum is 1/[2u(1 —u) ] =g(u) (see (3.5)). This proves inequality (2.2).

It is easily seen that g(u) >g¢(3) =2. This implies inequality (2.3). The proof
of Theorem 1 is complete.

We next prove Theorem 2. The proof will also indicate a short direct deriva-
tion of the simple bound (2.3).

In Theorem 2 we assume a;< X;<b,. Let again u;=EX;. By (1.7) and (1.8),

1—u
"

Pr{X — u >t} < et [] BerEua, (4.11)
=1
By Lemma 1,
Eeh X < g—hui (b" T e T a‘ehb;) = L), (4.12)
b,' — a3 b,' — Oy
where
L) = — hipi + In(1 — p; + piehs), (4.13)
M — Q4
h,‘ = h(b. —_ a,-), P = . (4:14)
b,‘ — a;

The first two derivatives of L(h;) are
Di ,
(1 — pie ™ + ps
pi(l — pi)e™s
[ —poe+pl*

The last ratio is of the form u(1—u) where 0 <u<1. Hence L’’(h;) <. There-
fore by Taylor’s formula

L'(h) = — pi+

LII (h@) =

2

L(h) < L(0) + L/ (ks + ¥h; = ¥hi = 41°(bs — 0. (4.15)
Hence by (4.12)
Eer@i—ui) < gth*bi-a)? (4.16)
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and by (4.11)
Pr{Y —-u > t} < ghnttdn?zi1(bimai) | (4.17)

The right-hand side of (4.17) has its minimum at h=4nt/ D (b;—a,)?. Insert-
ing this value in (4.17) we obtain inequality (2.6) of Theorem 2.

To prove Theorem 3 we need two lemmas.

Lemma 2. If X is a random variable such that EX=0, EX?=¢? and X <b,
then for any positive number &

2 0-2
e (@ IDh |
b2 + 0.2 b2 + 0.2

A proof of this inequality can be found in Bennett [1].
Lemma 3. If ¢>0, the function

EetX < ebh, (4.18)

e—eu +

f(u)=ln<1+u 14+u

e“) (4.19)

has a negative second derivative for % >0.
To prove this we write f(u) =c+In fi(y), where y=1+4u and

Hiy) =y lev —y Tt + L
For the second derivative f'/(w) we have fZ(y)f"' (w) =f(%)fr""(v) — (fi(y))2. Now
i) =(—y?—cy e+ y?,

' (W) = @y + 20y + ctyT)emev — 2y
= —2y~e~v(e? — 1 — cy — 3c%y?),

Il

which is negative for cy>0. Since fi(y) >0 for y>1, it follows that f’/(u) <0
for w>0.

We now can prove Theorem 3. By assumption, EX;=0 and X;<b. Let
o} =EX}, so that ne*=o¢3+d3+ - - - +02 By (1.7), (1.8) and Lemma 2,

2 2
- " /b -
PriX >t} < et < o=@t Ioh ebh)
{ } g b2 4 o} + b2+ o%
= —hnt+2f(v:1b2), (4.20)

where f is the function defined by (4.19), with ¢=bA. Since, by Lemma 3, f(u)
has a negative second derivative, —f(w) is convex for »>9. Therefore by
Jensen’s inequality (1.9)

12 2 9 12 2 .2 2 2
L5 s Sf(~ > a«-/b) — 1)
n

t=1 i=1

1 b — (o2 /B)h o? bh 21
=In b2+02e +b2+¢r2e ) (4.21)

If follows from (4.20) and (4.21) that

b2 0,2 n
PriX >t} < ~(t+a®[b)h e“""") . 4,92
I‘{ — }—<b2+o,ze +b2+02 ( )
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The right-hand side of (4.22) attains its minimum at h=h,, where

14 tb
b a?
h1 =
b2 4 g2 t
b

Inserting this value in (4.22), we obtain inequality (2.8) of Theorem 3.

Inequality (2.9) follows from equations (3.13) to (3.16). The proof of
Theorem 3 is complete.

As noted above, the upper bound (2.9) for Pr { X>¢} has been derived by
Bennett [2]. An alternative direct proof goes as follows. By Lemma 3, if »>0,
then f’’(u) <0 and hence f(u)<f(0)+f" (0)u=(e—1—c)u. Applying this in-
equality to the right side of (4.20) (where c=bh) and minimizing with respect
to h we obtain the bound (2.9).

5. SUMS OF DEPENDENT RANDOM VARIABLES

The inequalities of sections 2 and 4 can be used to obtain probability bounds
for certain sums of dependent random variables. Suppose that T is a random
variable which can be written in the form

T=pT1+pTe+ - - - + pxTw, (5.1)

where each of Ty, Ty, - - -, Tx is a sum of independent random variables and
P1, P2, * * + , Dy are nonnegative numbers, p1+p,+ - - - +py=1. The random
variables Ty, Ts, - - -, Ty need not be mutually independent. For 2>0

Pr{T > t} < e ™Ee.

Since the exponential function is convex, we have by Jensen’s inequality (1.9)

N %
exp(hT) = exp (h Zp;T;) < > pi exp(hTy).

1=1 t=1

Therefore

N
Pr{T >t} < 3 piEetT0, (5.2)
=1
Since each T'; is a sum of independent random variables, the expectations on
the right can be bounded as in section 4. If the random variables T'; are identi-
cally distributed or if the upper bound for E exp (h(T;—¢)) is independent of 7,
then the upper bound we obtain for Pr {7'>#} is also an upper bound for
Pr {T;>t}. The bounds obtained in this way will be rather crude but may be
useful.
We now consider several types of random variables T which can be repre-
sented in the form (5.1).
5a. One-sample U statistics. Let Xi, Xs, - + -, Xn be independent random
variables (real or vector valued). For n>r consider a random variable of the
form



PROBABILITY INEQUALITIES FOR SUMS 25

nm E g(Xm ] Xir); (53)
where n”=n(n—1) - - - (n—r-+1) and the sum »_,, is taken over all r~tuples
ty, * + -, %, of distinet positive integers not exceeding n. Random variables of
the form (5.3) have been called (one-sample) U statistics. For example, if
X:=(, Z;), i=1, - - -, n, are independent random vectors with two com-
ponents which have continuous distributions, then Kendall’s rank correlation
coefficient is of the form (5.3) with r=2 and g(X;, X;) equal to the sign of
(Y:—Y;)(Z;—Z,). Other examples of U statistics can be found in reference [8].
Let

V(X -y Xa) = —{gXy, - -+, X) + 9XKopsy -+, Xa) + - -

+ 9 Xbr—rp1, - - -, X}, (5.4)

where k= [n/r], the largest integer contained in n/r. Then

U= '7;“ Z VX -0 X)), (5.5)
where (in accordance with the notation in (5.3)) the sum Y, . is taken over all
permutations 4, 7z, « - -, ¢, of the integers 1, 2, - + + , n. Each term in the sum
on the right is a sum of % independent random variables. Thus (5.5) gives a
representation of U in the form (5.1) with N=n!and p;=1/nl

If the function ¢ is bounded,

a < 9(371, ) xf) < b’ (56)
it follows from (5.2) and the proof of Theorem 2 that
Pr{U — EU > t} < et 10-)") (5.7)

where k= [n/r]. This is an extension of the bound (2.3). To obtain simple exten-
sions of the other inequalities of Theorems 1 and 3 we assume that the random
variables X;, X, - - -, X, are identically distributed. In this case, if 0<g(Xj,
X,) <1, then the bounds of Theorem 1 with n replaced by [n/r] and
p=Eg(Xy, - + -, X,) are upper bounds for Pr {U—~EU>t}, where EU =u. If
g(Xy, « - -, X,) KEU-D, then the right-hand sides of (2.8) and (2.9) with n
replaced by [n/r] and o?=var g(Xy, - -+, X,) are upper bounds for Pr
{U-EU>t}.
5b. Two-sample U statistics. Let Xy, X, « + +, Xy Y1, Yo, - - -, Y be m+4n
independent random variables. For m >r and n>s consider a random variable
of the form

(M (8) L g(Xm D) Xi.-; Yiv R Y.‘ia); (58)
mrnt m,rin,s

where the sum Y, .., is taken over all r-tuples ¢y, - - + , 4, of distinct positive

integers <m and all s-tuples (ji, * - -, J,) of distinct positive integers <n. A

random variable of the form (5.8) has been called a two-sample U statistic. For
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example, let X; and Y; be real and let U’ denote the number of pairs (X;, Y)
such that Y;<X;. (This is one form of the Wilcoxon-Mann-Whitney statistic
[15], [10].) Then U’/mn is of the form (5.8) with r=s=1 and g(z, y) =1 or 0
according as y <z or y>x. Other examples of two-sample U statistics can be
found in [9].

Let
V(le"';Xm; Yl) ) Yn)
1
= 76- {g(le ] Xr; Yly R Ya) +g(Xr+1; ctt ;XZr; Yc+1: DY YZa)
+ ftt + g(Xkr—r-l-l) Y an Yka—-c+1; tt Yka)}, (5-9)
where

k = min([m/7r], [n/s]). (5.10)
Then U as defined in (5.8) can be written as

1
U = ——'——' Z V(Xil, Tty Xim, le, Tty Y_.,'"). (511)
mMN:mmin,n

Each term on the right is a sum of % independent random variables. Thus
(5.11) represents U in the form (5.1).

If a<g<b, then for U as defined by (5.8) we have inequality (5.7) where
k is now given by (5.10). If we assume that X, - - -, X,» have a common dis-
tribution and Yy, - - -, Y, have a common distribution (not necessarily the
same as that of X;), then the terms in (5.11) are identically distributed and we
obtain extensions of the inequalities of Theorems 1 and 3 analogous to those
discussed at the end of section 5a, where now = is replaced by k as defined by
(5.10).

5¢. Sums related to U statistics. Let again X;, X, - - -, X, be independent
and consider the random variable

1 n n
W = — Z e Z g(Xt'u ) X%'r)° (6.12)
N =1 tp=1

For example, the Cramér-von Mises goodness of fit statistic w? is defined by
Wt = f [Fa(e) — G(2) A6 @), (5.13)

where G(z) is a given cumulative distribution function and nF,(x) denotes the
number of those Xj, - - -, X, which are <z. If G(x) is continuous, we can
write w? in the form (5.12) with r=2 and

g(z1, T2) = 3 + 3G2(zy) + 3G2(xs) — max{GQ(z1), G(z9)}. (5.14)

A random variable W of the form (5.12) can be written as a U statistic,

1
20 Xy -, Xy, (5.15)

n wor

W =
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where g*(zy, « - -, 2,) is a weighted arithmetic mean of certain values of g. For
example, for r =2 and r =3 we have, respectively,
n— 1
g*(xlx 122) = g(xly .’172) + ’;;' g($1, xl)) (516)
n—1)(n—2)

n—1
g* (@1, T2, 23) = 9(@1, 2, T3) + T {91, 21, 22) + g(21, 22, 21)

n2
1
+ g(x% 1, ’131)} + ;2' g(xl, T, :vl). (517)

(The function g* for which (5.15) is satisfied is not uniquely determined. For
example, in (5.16) the value g(z;, ;) may be replaced by 2g(z1, x1) +3g(x2, 22).)

Thus the results of section 5a can be directly applied to obtain upper bounds
for Pr {W —EW >t}. Note also that since g* is an arithmetic mean of values of
g, a<g<b implies a <g*<b. Hence the right-hand side of (5.7) with k= [n/r]
is also an upper bound for Pr { W —EW >t} if (5.6) is satisfied. (In some cases,
as in example (5.14), the range of g* is smaller than the range of g, but the dif-
ference is negligible when 7 is large.)

5d. Sums of m~dependent random variables. Let

S=Y1+Y2+"'+Yn, (5.18)

where the sequence of random variables Yy, Yy, - - -, Y, is (r—1)-dependent;
that is, the random vectors (Yy, - - -, Y,) and (Y3, - - -, Y,) are independent
if j—i>r, where r is a positive integer. (Example: S=X; X, + XX, 1+ - - -
+ XX, 4na, where X3, X;, - - - are independent.) Then the random variables
Y. Y.i, Yorys, + - - are independent. For ¢=1, - - -, r let

n—1+r
Si=Yi+ Yoi+ Yorpi+ - -+ 4 YVayrersy n; = l:_r-”“:l (5.19)
Then S=8;+8.+4+ : - - +8, and S; is a sum of n; independent random varia-
bles. If we put p;=n;/n then the equation

% (8 — BS) = 3 pi— (S — BS) (5.20)

$=1 ng

represents (S—ES)/n in the form (5.1). Hence by (5.2)

Pr {i S —ES) > t} < D pietEeMind (SimES), (6.21)
n =1
If n is a multiple of r, n =Fkr, then n;=Fk for all 7 and we can obtain in a straight-
forward way explicit upper bounds similar to those of section 5a. In general
n;>[n/r] and it is easy to see that the bounds for the expected values in (5.21)
remain valid if n; is replaced by [n/r]. Explicitly, if a <Y;<b, then Pr {S—ES
>nt} <exp (—2[n/r]e/(b—0a)?).If ¥y, Y, - - -, ¥, are identically distributed
and 0<Y;<1, then the bounds of Theorem 1 with n replaced by [n/r] and
p=EY, are upper bounds for Pr {S—ES>nt}, where ES=ny. If the ¥; are
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identically distributed and Y;— EY;<b, then the right-hand sides of (2.8) and
(2.9) with n replaced by [n/r] and ¢2=Var Y, are upper bounds for Pr {S —ES

>nt}.
6. SAMPLING FROM A FINITE POPULATION

In this section it will be shown that the inequalities of section 2 yield prob-
ability bounds for the sum of a random sample without replacement from a

finite population. Let the population C consist of N values ¢, ¢, « * -, cv. Let
Xy, Xo, « + -, X denote a random sample without replacement from C and let
Y., Y, - - -, Y, denote a random sample with replacement from C. The ran-
dom variables Y3, - - -, Y, are independent and identically distributed with
mean p and variance o2, where

5> 5>

p=—2,C o2 = — ci — ). 6.1
N &% N.-=1( k) (6.1)

If a<¢;<b, Theorems 1, 2, and 3 give upper bounds for Pr {?—uZt} , where
Y=(Y1+ - - - +Y.)/n. It will now be shown that the same bounds, with u
and o? defined by (6.1), are upper bounds for Pr { X —u>t}, where X=(X;
+ - +X)/n.

(Note that EX = EY = p but Var X =

This will be an immediate consequence of
Theorem 4. If the function f(z) is continuous and convex then

(Sx)<m(E ). 62
i=1 =1

Applied to f(z) =exp (hx) the theorem yields the claimed result if we recall
that the bounds of Theorems 1 to 3 have been obtained from inequality (1.7).
(Note that the inequality Var X <Var 7 is a special case of (6.2).)

To prove Theorem 4 we first observe that for an arbitrary function g of n
variables we have, in the notation of (5.3),

1
Eg(Xlr tt Xﬂ) =TT Z g(ciu R cin); (63)
N @ Noa
1 N N
Bg(Ys o V) = X o gl i) (64)
N* ;o in=1

The right-hand sides are of the same form as U in (5.3) and W in (5.12), respec-
tively. It has been observed in section 5¢ that W can be written as U with g
replaced by an arithmetic mean g* of values of g. It follows that

Eg(er ) Yﬂ) = Eg*(Xli ) Xﬂ) (65)

As mentioned after (5.17), the function g* is not uniquely determined. The ver-
sion of g*(xy, - * -, ) Which is symmetric in 2y, - + +, z, will be denoted by
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g(x, - + -, Ta). Here we are concerned with the special case g(zy, « + -, 2n)
=f(x1+ - - - +2,). In this case, if n=2,

N-1
N

In general g can be written as

g(xly tT xﬂ) = Elp(k: T1, = * 5 Tk ilr ) ik)f(rlxil + e+ rkxik); (66)

where the sum Y’ is taken over the positive integers k, r1, « « +, 7%, @1, * * -, %k
such that k=1, - - -, n; 1+ - - - +m=n;and ¢, - - -, 7 are all different and
do not exceed n. The coefficients p are positive and do not depend on the func-
tion f. In accordance with (6.5) we have

g(xy, o) =

fl@r+ ) + Elﬁf (2z1) + é%f (22).

Ef(Yi+ -+ Ya) = Eg(Xy, - - -, Xa). (6.7)

If we let f(xr) =1, we see from (6.6) and (6.7) that
oy Ty ey Ty Gy, v, G = L (6.8)
If we put f(z) =z, then g(z, - - -, z) is a linear symmetric function of 2y, - - -,
z, and hence equal to K- (2,4 - - - 4+2,), where K is a constant factor. Since

E(Y:+ -+ - +Y,)=E(X1+ - - - +X,), it follows from (6.7) that K=1. Thus
Z,p(k: STRICIUIN A PRI z.I’C)(rlmi; + -+ Tkxik) =z1+ -+ 2. (6.9

If f(z) is continuous and convex, it follows from (6.6), (6.8), (6.9) and Jensen’s
inequality (1.9) that

g(xl; Ct xn) Zf(xl e R o xn)- (6.10)

Hence Ez(Xy, « - -, Xa) >Ef(Xi+ - - - +X,). With (6.7) this implies The-
orem 4.
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